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PREFACE 


In this work the author has endeavored to prepare a text 
which would serve as a basis for a fifty- or sixty-hour course 
in Plane and Spherical Trigonometry as ordinarily presented 
in advanced secondary and elementary college courses. 

Emphasis is placed upon drill work in the trigonometric 
identities, upon the applications of trigonometry to practical 
problems, and upon approximate calculations by means of 
natural functions. The more accurate results obtained by 
logarithmic calculations are emphasized in the solutions 
of oblique triangles; a uniform style of tabulating logarithmic 
calculations is suggested. 

For the benefit of those who may wish to pursue advanced 
courses in mathematics, a brief discussion of analytic trigo- 
nometry is presented in Chapter IX. In Part II the elements 
of spherical trigonometry are developed in so far as to include 
the ordinary formule necessary in the solution of right and 


oblique spherical triangles. 
DAVID A. ROTHROCK, 
BLOOMINGTON, INDIANA, 
December, 1909. 
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TRIGONOMETRY 


PART I 
PLANE TRIGONOMETRY 


CHAPTER I 
TRIGONOMETRIC FUNCTIONS OF ACUTE ANGLES 


1. Trigonometry. The word Trigonometry is derived from 
two Greek words, triangle (tpéywvov) and measurement (éTpov), 
which would suggest that the subject has to do with the meas- 
urement of the triangle.. At the present time the subject of 
trigonometry, though treating of the measurement of the tri- 
angle, has a much wider scope, and includes all manner of 
investigations depending upon certain functions of angles 
called Trigonometric Functions. These functions are called 
sine, cosine, tangent, cotangent, secant, and cosecant. For any 
angle @* these words are abbreviated into sin 9, cos @, tan @, cot 8, 
sec 0, esc @, respectively. In the next section definitions are 
given for the trigonometric functions of an acute angle, but it 
should be borne in mind that similar definitions are applicable 
for any angle whatever, and later will be extended to angles 
varying from 0° to 360°. 

*In trigonometric notation, angles are frequently denoted by Greek letters, 
The Greek alphabet is here inserted. 


Letters Names Letters Names Letters Names 
Aa Alpha Le Iota Pp Rho 
BB Beta Ke Kappa Zos Sigma 
Try Gamma AX Lambda ds Tau 
Aé Delta Mp Mu Tu Upsilon 
Ee Epsilon Nv Nu o> Phi 
Z¢ Zeta me Xi Xx Chi 
Hy Eta Oo Omicron vy Psi 
80 Theta Ilro Pi Q w Omega 


B 1 


2 PLANE TRIGONOMETRY [§ 2 


2. The Trigonometric Functions of an Acute Angle. 


(1) Definitions. Foran acute angle 6 constructed in a right 
triangle, Fig. 1, with 2, y, r, as the base, altitude, and hypote- 
nuse, respectively, we define 


y 
x 
Fig. 1. 
- g _ opposite side y _ hypotenuse-_ 1 7 
sin 8 = hypotenuse 7°’ ese 8 = opposite side sin® y” 
s ‘ 2 1 
ae adjacent side _ x : Piet ho hypotenuse _ r 


= hypotenuse 7 adjacent side cos®@ x’ 
_ opposite side y _adjacentside_ 1 _ x, 
tan 6 = adjacent side” a’ cot 8 = opposite side tan® y 


To these six functions are sometimes added: 


versed sine 8 = 1 — cos 0, written vers 6, 


coversed sine 6 =1 — sin 0, written covers 6. 


These six functions of the angle @ are called trigonometric 
functions (trigonometric ratios) of that angle. The symbols 
sin 0, cos 0, tan 0, cot 0, sec 8, csc 8, are usually read sine 0, 
cosine 0, tangent 0, cotangent @, secant 0, cosecant 0, respectively. 

(2) Elementary relations among the functions. The six func- 
tions sin 6, cos 8, tan 0, cot 6, sec 0, csc 8, are not independent. 
By comparing the definitions we find: 

1 


(1) ne eee or tan @- cot @=1, 


(2) cos @ = re or cos 8 - see 8@=1, 
sec 


(3) sin@=—"» or sin ®@ - csc 8 = 1, 
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(3) Ezponents. When the trigonometric functions are to be 
affected by exponents, the following notation is usually em- 
ployed: (1) if the exponent be positive, the index is placed 
thus, sin?6, tan°@, sec"@, and read sine square 0, etc.; (2) if 
the exponent be negative, the index is usually attached to a 
bracket as in bracketed expressions in algebra, thus (sin 0)-1= 

1 uf 
sin 0” Seok Si cot? aed Ain cos” 0 
sin @ exponent minus one, cot 0 exponent minus two, cos 0 expo- 
nent minus n. 

(4) Functions are constant for any given angle. The trigo- 
nometric functions of an acute angle are ratios of lines in a 
right triangle. They are constant for any fixed angle, and do 
not change value for different lengths of the sides of the triangle. 
Thus, Fig. 2, 


These are read 


: BC B'o' Bion 
sin ¢ = —— = 


OB OB OB" 


oc _ oc’ _ oc” 
OB OB' OB? 
BC BC' Blo" 


tan ¢ = = —— = 


OC! — OW! Oc" 


cos a4 => 


Tables of these ratios have been constructed, showing their 
numerical values for all angles from 0° to 90° (see Table p. 15). 


3. Functions of Complementary Angles. In Fig. 3, 0 and ¢ 
are complementary angles: 6+ ¢= 90°. 
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fs 
sin @ = 4 = cos >, ese 0 = | = see , 
Baa r 
cos 8 => = sin , sec 8 =~ = ese oy 
y aes 
tan 6 = 5 = cot 9, cot @ =" = tan $. 


Fig. 3. 


The cosine, cotangent, and cosecant of an angle are co- 
functions of the sine, tangent, and secant, respectively. 

From the definitions we see that any function of an angle 
equals the co-function of the complement of that angle. 


For example, sin 30°= cos 60°, tan 35° = cot 55°, esc 32°=sec 58°, 


sin (90°— A) =cos A, esc (90° — A) = sec A, 
cos (90° — A) = sin A, sec (90° — A) = esc A, 
tan (90° — A) =cot A, cot (90°— A) = tan A. 


EXAMPLES. Fill the blanks in the following with the proper 
co-function : 


1. sin 48°= 7. cos (99° —2)= 

2: win 84% = 8. tan (90° — 10°) = 
3. tan 25° 48’ = 9. sin (90° — 100°) = 
4. cot 87° 50! = 10. cot (80°—z)= 

5. cos 41° 50! = 11. [ese On" Ol s 


6. sec 10° 15’ = 12. tan (90°—2+y) = 
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EXERCISES 


1. Construct an acute angle « such that sin «= 3,and write 
the remaining trigonometric finstions. 


Solution. sin a = $ tells us that the side 
of the triangle opposite @ is 3, and the 
hypotenuse is 5; hence, the construction is 
as shown. Writing the functions of @ from 
the drawing, we have 


sina@= 3, cos a= #, 
tane=% cota=#%, 
sec a=}, csca=. 


2. Construct « when tan « = 3, and write the other functions 


of a Write the functions of 90° — a. 
Solution. a is constructed as shown 
in figure. 
PEA inant, owen 
sin. “= ——— cos & = ——, 
vis" Vi8 
tan a= cota =, 

oo 1 Renee) S via. 
HH pare” : 
tee 23 ; 
Re EE 90°—a =f; sin B = cos a = —_, ete. 


Construct the angle « in the following cases and write the 
remaining functions: 


3. sin a=, 5. cota= §. 7. tant= 4. 
4. cosa= 3. 6. seca=f, 8. cota= +. 
9 sina =}. 16. seca=4 
10. tane= $. 17. sina=0.6 
. ) 
ll. sina= 5. 78... cog'dme 
1+ m? 
12. tanae= 2. 
segs 
13. cota=3. 19. tana= vi-m 
m 
14. sine= iv3. re 
= 20. cotea= —- 
15. tane= 4V3. 4 
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In the right triangle ABC, Fig. 4, if 

21. sin A= 2, c= 24, find a. 

22. sin A= 3, c= 24, find a. B 
.23. tan A = 3, 6 = 16, find a. 
24. tan A= #4, c= 16, find 6. 
25. tan A= 0.6, a=10, find 6. 
26. sin A= 3, a= 16, find ¢. 
27. cos A=2,c=21,findbanda. A b c 
28. sec A=5, b= 50, find ¢ and a. Fig. 4. 

29. tan A = 0.25, 6 = 40, find the area. 

30. csc A = 2.5, a= 100, find e¢ and the area. 


4. Fundamental Relations among the Trigonometric Functions. 
Let 6 denote any acute angle, Fig. 5. From plane geometry, 


e+ yar. (1) 
Defining sin @ and cos @, 
sin 6=7%, cos 0 =~, 
r r 


we have, on squaring and adding, 
y+ x 


sin? 6 + cos? 6 = ania In AS 
From the same figure, sec @= St tan 6=7%. 
x x 


Squaring and subtracting, 


2 
sec? 6 — tan? 0 = e a = 1) from (1). (B) 


Combining ese @ and cot @ in a similar manner, 


2 
esc? 6 — cot? @ =" weak (¢) 


Also, Gnpoled=s eee (D) 


(f) 


C@) 
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As fundamental relations among the six functions, we may 
enumerate formulas A, B, C, above, and the identities coming 
directly from the definitions in § 2. 


5. Fundamental Identities. Collecting important results, we 
have, for any angle «: 
(A) sin? a + cos?a = 1, 1 _ cosa 


BE) cota =——= 
a Tok tan sina’ 


(B) see? a — tan? a = 1, 


6 2 = F = 
(C) ese? a —cot?a=1, (F) seca ages, 
sina 
(D) tana=——, (@) eeca =: 
cos a sina 


These identities should be memorized. 


6. Variation of the Trigonometric Functions. It should be 
noticed that as the angle increases from 0° to 90°, the functions 
vary as follows: 

(1) sine increases from 0 to 1, 

(2) cosine decreases from 1 to 0, 

(3) tangent increases from 0 to 0, 
(4) cotangent decreases from ~ to, 
(5) secant increases from 1 to wo, 

(6) cosecant decreases from « to 1. 


These facts may be observed from the above identities, as 
well as from the definitions of the functions in § 2. 


7. Transformation of Identities. By means of the funda- 
mental identities, § 5, any trigonometric function may be 
changed into various forms. 


For example, 
; a 5 1 Vsec?d—1_ tang 
= _ 52 = Oe 

No ale ca sec? sec sec d 

These forms for the value of the sine of an angle are ob- 
tained by using identities (A), (7), (B), and algebraic manipu- 
lation. 

Again, 


: sin « 
sin @-sec a+ cot «= ——-- cota=tane-cota=1. 
COS & 
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In verifying an identity, we may proceed, (a) by transforming 
the left member of the equation into the right, (6) by transforming 
the right into the left, or (e) by reducing each side to the same 


Form. 
For example, show cos‘ z — sint x = 2 cos*z — 1. 
(a) Transform the left member into the right. 
cos*z — sintx = (cos? + sin? z)(cos*z — sin? z) 

= cos? x — sin? x by (A) 
= cos*?z — (1 — cos? zx) by (A) 
= 2 cos?z — 1. 

(b) Transform the right member to the form of the left. 


2 cos? x — 1 = cos? x — (1 — cos? z) 
= cos*z — sin? x by (4) 
= (cos?z — sin? z)(cos?xz + sin?z), multiplying by 1, 
= cos*z — sin*z. 


(c) Transform each side to a common form. 


cost x — sintx = 2 cos?z — 1 
= cos? z — sin? 2. 


Remove the factor cos?z + sin?2 =1 from the left member, and we have 


cos? x — sin? z = cos? x = sin? z. 


The student should attain a good degree of skill in manipu- 
lating trigonometric functions ; to this end is now inserted a list 
of the more common forms of identities involving a single angle. 


EXERCISES 
Verify the following identities : 
1. cos?_A (1 + tan? A) =1. 
2. (sec? A— 1)(esc? A—1)=1. 
3. tan A+cot A=sec A x esc A. 
4. sin? A (csc? A — 1) = cos? A. 
5. cot?_A — cos? A = cos? A cot? A. 


cos A 
6 tan A 
sin A cot? A 


7. sin A cos A (tan A+ cot A) =1. 


erTt= = 
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8. 
9. 
10. 


26. 


27. 


28. 


29. 


* The algebraic equations in Exercises 26-29 are, respectively, the equations 


of a circle, ellipse, hyperbola, and sphere. 
x, y, ¢ are the parametric equations of the same curves and sphere, respectively. 


(tan A+ cot A)? = sec? A + ese? A. 
cos A ese A tan A=1. 
cos A (cot A+ tan A) = ese A. 


sin A 
cot A+ itaen oe 
secA tan A _ 
cos A cot A 
sec?_A — sec? A sin? A=1. 

1—ecos A 

(ese A — cot =i Bok icgerne 
see A — cos A= sin A tan A. 


sin A 4 cos A _ 

ese A my tes 

tan A—1_ 1—cotA 
tanA+1 1+4cotA 
sec A—cscA_ tan A—1 
secA+escA tanA+1 


cos! _A—sint A=cos?.A—sin? A=1—2 sin? A=2 cos? A—1. 


2 
te = cot? A. 

(sin A + cos A)? + (sin A—cos A)?= 

sec A+tan A = (sec A— tan A)7}. 

sint A + cost A = 1 — 2 sin? A cos? A. 

sin? A + cos* A = (sin A+ cos A)(1—sin A cos A). 
sect A — tant A = sec? A + tan? A=1-+4 2 tan?A. 


* Show a?+7?=7", when x=r7- cos ¢, y=r- sin ¢. 


Show e+¥=1, when z=a-cos ¢, y=6b- sin ¢. 


Show £-f=1, when z=a-secd, y=6b- tang. 
a 


Show 224+ 7?+2=7", when x=, sin @ - cos ¢, 
y=r-sin@-sin ¢, z=r- cos @. 


The equations giving the values of 
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30. Show 2?4+ 92+ 2=7r%, 

when 2 = 7(cos @- cos $+ sin @- sin + cos yf), 

y =r(cos @- sin ¢ - cos Yr — sin @ - cos ), 
z=r-sing-siny. 


31. Show 2! + ys =a‘, when 2 =a - cos* $, y=a- sin’ ¢. 


EXERCISES 
Simplify the following expressions, construct the angle ¢ in 
each case, and read the values of the remaining functions. 


Notre. When square roots are to be taken, use 
only the + sign. 


1. sing-secd+1= 5. 


In this exercise, we have 


sin ¢ - sec d = 4, 


sin 
or, : cae 
Hence, sin hi 2, cor 1. 
V17 V17 
tan $=4, cot p= +, see = Ii, ese p = EE 


In the following the values of a single function should be 
found, then the angle may be constructed. 


2. tand=2—sin¢- sec ¢. Ans. tand=1. 
3. tangd-cos p= 2. Ans. sin d= 3. 
4. secd-cotd= Fs. Ans. sin ¢ = }. 
5. secd=4cos¢. Ans. sec d= 2. 
6. cotd=3 tan ¢. Ans. tand= eS : 
7. tand=4 cot ¢. Ans. tand=2 
8. cotd= sesc d. Ans. cos $= #4. 
9. cosd-+sin ¢ = ¢. Ans. cot d= 4 
10. cotd-cosd-tand= = Ans. cosd= : 
11. sin’¢ - sec - cos $ - ese f = +. Ans. sind = ;'5. 
12. 1—cos?#¢= 4. Ans. sing = 2 
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13. sec?¢—1= 25. Ans. tang= ,y. 
14. 2—3sin¢d=}. Ans. sing=}. 
15. (1+ sin¢)(1—sing)= 5. Ans. cos¢= }. 
16. tan?¢+1=2sec ¢. Ans. sec d= 2. 
17. tand=2—2sec d+ ese d. Ans. tan¢= 3. 
1s. tan¢d—cos*¢=sin?¢ + 5. Ans. tan¢d=6. 
19. sind= > cos¢-sec d- esc g. Ans. sin = 2. 

5 tan @ X cos ese . 
20. “rere al i. Ans. sin $= 5. 
21. When tan «= 4, find value of Wb bel 


cos? a 


2 
When sine = 2, find value of CO8 e+sin*a, 


tan @ 


When cos « = + find value of S12 #- tan «. 


2 sec2a+1 
2 
When sec a = 5, find-value of _ tanta. 
COS &@ - CSC & 
When cot «= 5: find value of Bre. 
8 esc? a — 1 


~ 


2 » 3 
If sine = 13’ what value has eee 


If tane= 1V3, what value has 3 sin «— 4 sin’ «? 
sin 30° = }, find the value of 4 cos* 30° — 8 cos 30°. 


sec 45° = V2, find the value of 2 tan 45° 


sin 80° = 4, cos 46° = AV2, find the value of 


tan 45° x cot 30° + (sec 80° x sin 45°). 


sin? «+ cos? to 


1 — tan245° 


11 


Change the following functions so that only sin « appears : 


31. 


32. 


33. 
34. 


: 2 cot « tan « 
sin « cos* a — ————_——- + ——_- 
cosS@sinae cosa 
; sin « 
esc asine + cos atan a — el 
Cos* a 


tan? «+ 1—esc?a+2sinacos«. 
sect « — tan? « + cos? « — cot? a 
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Change the following so that only tan « appears: 
35. cota+ seca — csc a. 

36. (1+ cos«)(1 — cosa) + tan e(cot*« a 1). 

37. sina+cose+ cosetane+cotesine. 

38. (1—sinecos«)+(1 +sin «cos «) — cot esina. 
Change the following so that only cos « appears: 


=o 

sinta  tane 1 tan e 
wsxceaeee 40. seca— = - 

COS @ cote cos « sine 


39. 


41. cot? «+ tan? « — sin? a — cos*«. 

42. sinecosatane cote. 

43. Express sinz in terms ot each of the other functions. 
Thus, (1) sinz=-V1—cos*z, from identity (4), § 5. 


(2) sinz=tanz+vV1-+ tan*z, from @), (F) and (B). 


(3) snz= eee ee from (@ and (©). 
V1 + cot? z 
lseez— r 


(5) snz= ae from (@). 
ese z 


44. Express cosz in terms of the other functions. 
45. Express tan z in terms of the other functions. 


46. Express each function in terms of sin z. 


[Nore. Construct the angle z with hypotenuse unity, the opposite side 
_ sin z, and the base V1 — sin? z.] 


47. Express each function in terms of (1) cos z, (2) tan z, 
(3) cot x. 


48. Prove that sec A(sin A —cos A)+ ese A(sin A + cos A) 
=sec A esc A. 
49. Show sine + cose=1, 0<e< 90°. 


50. Show tan «+ cota >2. 
51. Show sin «e + cos « = V2. 52. Show sin e cos a< i. 
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8. Functions of Particular Angles. he trigonometric func- 
tions of certain angles may be found from geometrical draw- 
ings. 

(1) Funetions of 45°. & 

From the drawing, Fig. 6, we have 

sin 45° = 4 V2, ese 45° = V2, 
cos 45° = 1 V2, sec 45° = V2, 3 


tan45°=1, cot 45°=1. Fig. 6. 
(2) Funetions of 30° and 60°. From Fig. 7, 
sin 30° = } = cos 60°, 
cos 30° = nie = sin 60°, 
tan 30° = me = cot 60°, 


f 


cot 30° = V3 = tan 60°, 
sec 30° = 3-V3 = esc 60°, 


ese 30° = 2 = sec 60°. 


(3) Functions of 0° and 90°. The trigonometric functions 
of 0° and 90° are limiting values which may be seen from the 
drawing, Fig. 8. 

As the side y approaches 0, the opposite angle approaches 0 
and the base z approaches r. 


Job ie 


z 


Fig. 8. 
xr 
sin 0° = yn ae 0 = cos 90°, cot 0° = Bur! F = 00 = tan 90°, 
r 
cos 0° = hore on 1 v'sin 0", sec 0° = Pai = 1= csc 90°, 


tan 0° = Nay = 0 = cot 90°, ese 0° = Jig | =o = sec 90°. 
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The angles 0°, 30°, 45°, 60°, 90°, occur so frequently that it 
will be found convenient to keep in mind the numerical values 
of the trigonometric functions of each. 

Tabulate the values of these functions as shown in the follow- 
ing table: 


EXERCISES 


Find the values of the following by inserting numerical values 
of the trigonometric functions and reducing to simplest form. 


1. S5cos 60° — 3sin 30° + tan 40°. Ans. 2. 
2. 5cos 30° + 4cos 60° — 5 sin 60°. | Ans. 2. 
3. 8 tan 30° — 4 cot 45° + cos 90° — 8 cot 60°. Ans. — 4. 
4. 10cos380° + 16 cos 60° — 5V3. Ans. 8. 
5. (4tan 45°—11 tan 60°) (4 cot 45° +11 cot 30°). Ans. —34T. 
6. (16 tan 0° + 10 cot 90° + 6 sin 80°) cos 90°. Ans. 0 
7. sin 30° x cos 0° x tan 45° x sec 60°. Ans. 1. 
8. («+ y)cos 0° —(@— y) tan 45° — 2ysin 30°. Ans. y. 
9. (x+y)? sin 60° — (w7—y)? cos 30°—2 zy tan 60°. Ans. 0. 
10. (a+ 4)sec 60° + (a— b)cos 90° + a tan 90°. Ans. 0. 
11. asin 30° — (a — d) tan 45° — bsin 30°. Ans. 3(6—a). 
12. (asin 60° — d cos 30°) x ese 60°. Ans. a—b. 


9. Tables. For convenience in the numerical calculations 
which follow on p. 26 a condensed table of trigonometric 
functions, true to three decimals, will now be inserted. By 
use of this table approximate results may be obtained for nu- 
merical problems. 


ey ee pa 


$9] TRIGONOMETRIC FUNCTIONS OF ACUTE ANGLES 


NATURAL TRIGONOMETRIC FUNCTIONS 


57.29 
28.64 
19.08 
14.30 


11.43 
9.514 
8.144 
7.115 
6.514 
5.671 
5.145 
4.705 
4.331 
4.011 


15 


3.732 
3.487 
3.271 
3.078 
2.904 


2.747 
2.605 
2.475 
2.356 
2.246 
2.145 
2.050 


1.881 
1.804 


1.963 


1.732 
1.664 
1.600 
1.540 
1.483 


1.376 
1.327 
1.280 
1.235 


~ 1.428 | 1 


1.192 
1.150 
1.111 
1.072 
1.036 


0.766 
0.755 
0.7438 
0.731 
0.719 


~ 1,000 


~ 0.707 


Sin 


CHAPTER II 


SOLUTION OF RIGHT TRIANGLES 


A right triangle is known when a side and any other part 


are known. 
compute the unknown parts. 


10. Fundamental Formulas. 


A D 
Fig. 9. 


The use of trigonometric functions enables us to 


We have, Fig. 9, the following 


B_ relations : 


yee. 


(1) @ 
(2) sin A =“= cos B, 
(3) cos A = = sin B, 
(4) tan 4 = : = cot B, 
(5) 4+ B=90°. 
The first of these 


formulas is a statement of the Pythagorean Theorem ; (2), (8), 
(4) are results from the definition of sine, cosine, tangent. 
With any two dimensions given (not A and B) ce other 


three dimensions may be 
found. 
Examptes. 1. Given A = 87° 


ec =12in.; find a and b. 


Solution. From formula (2), 
WO .Sit od eral A Ses ee 
From the approximate table, 
Psekos 


sin 37° = .602. 
Therefore, 
a=12x .602 = 7.2 in. 
From (3), 
b = c cos 87° = 12 x .799 
= 9.59 in. 


16 


(@) 
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2. Given a = 20 ft., ec = 35 ft., find angle A. 


» 
Solution. sin A =£ = °° = .571, 
e.” 85 


From table, p. 15, the angle whose sine is .571 is 34° 50! (approximately). 
Hence A = 34° 50’. 


11. Projections. Let perpendiculars fall from two points, 
A and B (Fig. 10) upon any line Z, intercepting PQ. PQ is 
called the projection of the line AB upon Z. This manner of 
projection is called orthogonal. 


Fig. 10. 


(1) Horizontal and vertical projections. Any line AB may 
be projected orthogonally in any direction ; the usual projec- 
tions, however, are upon the horizontal PQ, or upon the verti- 
cal RS. 

(2) Laws of orthogonal projection. The orthogonal projec- 
tion of any line upon another line involves the base and alti- 
tude of a right triangle, B 
with the hypotenuse given. 

Hence, 


(a) The horizontal pro- 
jection, 
x=? - COS 6, 


(6) The vertical projec- se 


tion, A “ c 
yar. sind. Fig. 11. 
THEOREM. The horizontal projection of any line segment 


equals the length of the segment multiplied by the cosine of the 
c 
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angle of inclination; the vertical projection equals the length of 
the segment multiplied by the sine of the angle of inclination. 


12. Components. Forces, velocities, and accelerations may be 
represented by directed lines. A line of given length and fixed 
direction is sometimes called a vector. Thus, in Fig. 12, Visa 
vector, also V,, V,,. 


Fig. 12. 


Suppose a body is moving with a velocity V in the path AB, 
Fig. 12, making an angle e« with the horizontal OX ; we may 
require the velocity in the horizontal AC (the horizontal com- 
ponent of the velocity, V,), also the vertical velocity CB (the 
vertical component of the velocity, V,). These components are 
projections of AB upon the horizontal and vertical, respectively. 


AC=ABeosa, or Vx= Feosa;s 
CB = ABsina, or Vy= Vsina. 
Squaring and adding, 
Va? + Vy? = V2(eos? a + sin?2a) = V2. 
THEOREM. The sum of the squares of the horizontal and ver- 


tical components of a velocity equals the square of the velocity. 


13. Resultant. If two forces act upon a particle at A, the 
one, AC, acting horizontally, the other, AD, acting vertically, 
the particle at A will be moved along the diagonal of the 
parallelogram to B, Fig. 13. The line AB is called the re- 


— =a) | 
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sultant of the forces represented by the two lines A@ and AD. 
The forces AQ and AD need not act at right angles, but what- 
ever their angle, the resultant will be the diagonal of the par- 
allelogram constructed upon AC and AD, 


Fig. 13. 


The relations between résultant and components which act 
at right angles to each other involve the simple trigonometric 
properties of right triangles. 


EXAMPLES. 1. A train of cars is moving northeast with a 
velocity V of 40 mi. per hour. Find its rates of travel east 
and north. 

Solution. Let the vector V represent the given velocity. Then V,, V, 
are the velocities east and north, respectively. See Fig. 12. 

V,=V cos 45° = 40 x 3 V2 = 20V2, 
V, =V sin 45° = 40 x 3 V2 = 20V2. 
Hence, the velocities east and north are equal, 20V2 mi. per hour. 

2. A point is moving with a velocity of 25 ft. per second 
along a line making an angle of 38° with the horizontal. Find 
the horizontal component. Ans. 19.7 ft. 

3. Find the velocity of a point moving at an angle of 64° 
with the horizontal, if the vertical component of the velocity be 
100 ft. per second. Ans. 111.3 ft. 

4. A point describes a circle of radius 20 inches at a uniform 
rate of two revolutions per minute. Find the distance from 
the centre of the circle to the projection of the point upon a 
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horizontal diameter 5 seconds after passing the extremity of 
that diameter. Ans. 10 in. 


5. A force F of 100 lb. is applied to a block at the point 0, 
see Fig. (6). If the force makes an angle of 60° with the hori- 
zontal, what force tends to draw the block horizontally (OC) ? 
What force tends to lift the block upwards (OD) ? 

Solution. Here the solutions called for 


are the horizontal component F, and the 
vertical component F, of the force F. 


F,, = F x cos & = 100 cos 60° = 50 Ib., 
F, = F x sin « = 100 sin 60° = 86.6 lb. 


6. A balloon rising vertically 
FS tA eH at a uniform velocity of 704 ft. per 
SESS : 3 

minute encounters a wind blowing 

horizontally at the rate of 24 mi. 

seasessstsat per hour. Find the angle at which 

HEHE . - - . 

Roe the balloon will rise and its velocity 

after meeting the wind. 


Hero 
ae a = 
saauaek 


Solution. The angle required is represented by & in Fig. c, the velocity 
of wind and vertical velocity of the balloon by OB and OA, respectively. 


ea <4 
wee Ta 8" 
a = 18° 26". 


= 9119 xsee. @ 
2112 x 1.054 = 2926 ft. 


‘96 SO 
\SanRee 


7. A force of 400 
lb. acting in adirec- 
tion inclined 40° from 
the horizontal is ap- 
plied to a heavy block. Find the force which tends to move 
the block (1) horizontally, (2) the force which tends to lift the 
block vertically. Ans. (1) 306.4 lb., (2) 257.2 Ib. 


8. The horizontal and vertical components of a force acting 
upon a heavy block are 160 lb. and 120 lb. respectively. 
Find the force and its direction of action. 

Ans. 200 Ib., 36° 52’. 
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14. Projected Areas. Any plane area ABCD inclined to a 


Fig. 14. 


plane LM at an angle @ may be projected orthogonally upon 
LM into the area ABFE. 


ABFE = ABCD x cos 8 


Law of projection. The projection of a given plane area upon a 
plane equals the given area multiplied by the cosine of the angle 
of inclination of the two planes. 


EXAMPLES. 1. How much horizontal area will be covered 
by 60 sq. yd. of roofing, the roofing making an angle of 45° 
with the horizontal ? Ans. 60 cos 45° = 42.42 sq. yd. 


2. Find the roofing required to cover a horizontal space 
15 ft. by 24 ft., the roofing rising at an angle of 40°. 
Ans. 15 x 24 x sec 40° = 469.8 sq. ft. 


15. Area of the Right Triangle. The area of a right triangle 
may be expressed in various ways. Let AK=area; then we 
have, 


Cl a axd=5 ac cos A = } be sin A. 
(2) K=} 0 tan 4 =} a? tan B. 


ah ie ee a 
(3) K=, sin A cos 4 =, c? sin B cos B. 
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In (1) acs A=bsinA=p; and in (2) btanA=a, 
Me tet ds = U. 


EXAMPLES. 


Fig. 15. 


Find the area of each of the following right 


triangles, the lettering being shown in Fig. 15: 
a= 20, A= So . 
Ge 60, B= 26" 
a=100, A= 30°: 
bet, BaaOr. 
C= 30, A= 3h. 


ale, 


2. 


3. 


6. ¢e=15, a=25. 
7. p=2i, A 

8. p= 45, B= is, 
9. 6=48, a= 52. 


10. a= 66, 5=138. 


16. The Isosceles Triangle. 
Since the isosceles triangle 
may be divided into two equal 
right triangles by a perpen- 
dicular from the vertical angle 
B (see Fig. 16) upon the base, 
the solution depends only upon 
the solution of a right tri- 
angle. 


EXAMPLES. 12. Find the 
base 6 and area of an isosceles 
triangle when the vertical 
angle B is 80°, and each of 
the equal sides is 36 ft. 
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Solution. Construct an 
approximate triangle, Fig. d. 

(1) © is the projection of 
the equal sides on the hori- 
zontal. Hence, 
b=2axsin 3 = 2x 36 x 
sin 40° = 2 x 36 x, .643 = 
46.3 ft. 

(2) Area = }b- h=}abx 
cos 40° = 638.2 sq. ft. 

2. Find the length of 
rafters, height of ridge- 
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pole, and area of gable from the data shown in the drawing: 


BREESE (SS SSEREES SESE eee 


SH HIHIHT: 


Hee eee 
(eae SSaeeneeee as 


(1) Length of rafter = 16 x sec 37° = 16 x 1.252 = 20.03 ft. 
(2) Height h = 16 x tan 37° = 16 x .754 =12 ft. 
(3) Area of gable = 16 x h= 192 sq. ft. 


17. Notations of Direction. If OH, Fig 17, be a horizontal, 
the angle POH = ¢ is the angle of elevation of P; the angle 


QOH =yw is called the angle of 


P 


depression of Q. A depression 

angle could also be considered 

as a negative elevation angle. ‘é “ 
The direction of a line OP with O v 

respect to a north and south line 

NS, Fig. .18, is read North @ de- Q 

grees East, N. «° E.; the same Fig. 17. 

direction with regard to the east 

and west line EW could be read East 8 degrees North, E. 8° N 
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Similar readings for directions may be applied to south and 


Fig. 18. 


west lines. A direction of a line given as above is called the 
bearing of the line when read from N. or SN. 


EXAMPLES. 1. If the angle of elevation of the sun be 35°, 
how high is a pole 
whose shadow upon 
the ground is 40 ft. ? 


Solution. (1) Construct 
drawing showing data. 

(2) Select formula (4), 
p. 16, 


tan 35° = = ; 
40 


or h = 40 x tan 35° 


sl rTi 
sdessuisastoscstssrestestastesreitatiat ae 
= Zo Eb. 


2. Find the radius of a circle inwhich a chord 30 in. 
long subtends a 20° arc. Also find the area of the triangle 
formed by the chord and the radii to its extremities. 


Solution. (1) Construct figure; draw radius perpendicular to middle of 
chord. Let B be the middle point of the chord. 
Angle AOB = 10°, AB=15 in. 


(2) sin. dOB = “ R= AB = sin AOB, 


or, R= AB x esc AOB. |, 
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(3) Substitute the values AB = 15, AOB = 10°, and we have 
&R=15 x cscl0° = 15 x 5.759 = 86.38 in. 


Lit 
(4) The area is given by 
K = } base x altitude. OB = 15 x cot 10° = 85.06. 
Then K = 15 x OB = 1275.9 sq. in. 


18. To solve Right Triangles. In the solution of right tri- 
angles the beginner should provide himself with (1) a gradu- 
ated ruler, (2) squared paper, and (3) a protractor graduated 
to degrees. With this equipment a triangle approximating 
very closely to any given data may be constructed. An 
approximate construction will enable the student to detect any 
considerable error in calculation. 

In solving a right triangle the foHowing directions are sug- 
gested: (1) Draw, on squared paper, a figure as accurately as 
possible from the given data, and estimate approximate values for 
the unknown parts. (2) Select formulas, § 10, each of which 
contains one unknown. (3) Substitute the given data in the 
proper formula, using approximate values of the trigonometric 
Functions, p. 15, and solve for the unknowns. (4) Check results 
by using some formula not employed in the calculation. 

In many ordinary measurements approximate results only 
are desired. The following list of exercises involving the 
right triangle is inserted to give practice in approximating 
results. The trigonometric functions found on p, 15 give 
approximations to thrée decimals, and when employed in solu- 
tion will give results true to one or two decimals. When 
greater accuracy is desired, the more complete tables of the 
natural functions should be used. For still more accurate 
results, the logarithmic tables, explained in Chapter VI, should 
be employed. 
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EXERCISES 


Solve the following right triangles, giving results to nearest 


tenth and nearest minute. 


Use Approximate Tables of trigo- 


nometric functions, p. 15, for solutions of Ex. 1 to 20, approxi- 
mating angles to minutes. For areas employ formulas of § 15. 


A 
° 


ANSWERS 


a 


1 
2 
3 
4 
5 
6 
wu 
8 
9 


aooaasneoananaeneR Be 


16. 


A monument 283 


A= 15° 
A = 68° 12! 


| A = 69° 27! 


A= 32° 3b! 
A= Al 32! 
A = 65° 32! 
A = 65° 14! 
B= 82308 
B= 54> 


| B =66° 30! 


B= T2° 
B = 21° 48! 


1146.6 

1662.8 

. 128.9 

2378.5 

838.1 

15583.7 
38400 


& 


Ol en ay 
é 


bo st 


ft. high casts a shadow 100 ft. long 
upon the ground. Find the angle of elevation of the sun at 
that instant. 


Ans. 70° 32’. 


17. A ladder 30 ft. long resting upon the ground reaches a 
point 24 ft. high upon a vertical wall. Find the angle of ele- 


vation 


of the ladder. 


Ans: 53° 6". 


1s. Gable rafters 20 ft. long project 2 ft. beyond the walls 
of a house and are set with a pitch (angle of elevation) of 40°. 
Find the height / of the ridge-pole and the width of the house. 
Ans. h=11.5T ft., w= 27.57 ft. 

19. Find the bearing of a road which leads to a point 5 mi. 
east and 8 mi. north. 

20. A rectangle is 98 by 148. 
diagonal with the longer side. 


Ans: N. 32° 


Find the angle made by a 
Ans. 33° 80’. 


21. The sides of an isosceles triangle are 30, 45, 45, respec- . 


tively. 


Find the angles. 


[ Note. 


Use four-place tables. ] 
Ans. T0° 32', 38° 56’. 


ee | 
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22. Find the radius of a circle in which a 100 ft. chord sub- 
tends an angle of 18° at the centre. . Ans. 819.69 ft. 


23. A chord 50 in. long subtends an angle of 36° at the 
centre. Find the radius R of the circle and the area A of the 


inscribed square. Ans. R= 80.9 in., A = 13,089.6 sq. in. 
24. Find the height of a tree which casts a horizontal shadow 
60 ft. long when the sun’s elevation is 65°. Ans. 128.67 ft. 


25. Find the angle of inclination of the faces of a wedge 
whose base is 3 in. and whose face is 14 in. long. Ans. 12° 18’. 


26. The exterior angle between two 500 ft. tangents is 72°. 
Find the radius of the circle. Ans. 688.2 ft. 


27. The length of a kite-string is 200 m. Find the height 
of the kite when its angle of elevation is 34°. Ans.111.84 m. 


28. The radius of a circle is 5 cm. and the length of a chord 
is4em. Find the angle subtended by the chord at the centre. 
Ans. 47° 9! 20". 


29. Find the radius of a circle inscribed in an equilateral 
triangle whose perimeter is 42 cm. Ans. 4.04 cm. 


30. What is the height of a tower if a 16 ft. flagpole upon 
the top of the tower subtends an angle of 4° at a point on the 
ground and the angle of elevation of the bottom of the pole is 
40°? Ans. 106 ft. 


31. Atacertain point the angle of elevation of a mountain peak 
is 27°; ata distance of 2 mi. farther away in the same direction 
its elevation angle is 25°. Find the horizontal distance from 
the first point of observation to the peak. Ans. 21.58 mi. 


32. Two consecutive milestones on a level road in the same 
vertical plane as a tower have depression angles of 42°, 3°, 
respectively, from the top of the tower. Find the height of 
the top of the tower and its horizontal distance from the nearer 


milestone. 
Ans. h = 293.8 ft. or 261.4 ft., d = 326.3 ft. or 290.3 ft. 


33. A tower stands upon the same plane as a house whose 
height is 60 ft. The elevation and depression of the top and 
bottom of the tower from the top of. the house are 41° and 35°, 
respectively. Find the height of the tower. Ans. 134.49 ft. 
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34. From a point 10 ft. above the water, the angle of eleva- 
tion of the top of a tree standing at the edge of the water is 46°, 
while the depression angle of its image in the water is 50°. 
Find the height of the tree, and its horizontal distance from the 
point of observation. Ans. h=142.5 ft., d=128 ft. 


35. In measuring the width of a river a line AB is measured 
240 ft. along one bank. A perpendicular to AB at A is erected 
which locates a point C upon the opposite bank, and the angle 
ABC is found to be 65°. Find the width AC of the stream. 

Ans. 514.68 ft. 


36. Two towers upon the same horizontal plane are of such 
heights that their elevation angles from a point midway be- 
tween them are 40°, 60°, respectively. Find the ratio of their 
heights. Ans. 8391 + 17,321. 


37. From each of two stations a mile apart upon a north and 
south road, the angle of elevation of a balloon is observed to be 
30°, and its bearings are, respectively, N.E. and S.E. Find 
the height of the balloon. Ans. 2155.5 ft. 


38. A balloon is exactly over the middle point between two 
cities. The balloon isa mile high and the distance between the 
cities subtends an angle of 136° at the balloon. Find the dis- 
tance between the cities and the distance of the balloon from 
either of them. Ans. 4.95 mi., 2.67 mi. 

39. Find the height of a tree if the angle of elevation of its 
top changed from 86° to 42° on walking toward it 75 ft. in a 
horizontal line through its base. Ans. 282.16 ft. 

40. A hill rises uniformly 4 ft. in a horizontal distance of 85 
ft. What is the difference in elevation of two points 3500 ft. 
apart, the distance being measured along the ground? 

Ans. 164.1 ft. 

41. What is the angle of incline of a railroad track if it rises 


30 ft. in a horizontal distance of a mile ? Ans. 19! 32", 
42. What is the bearing of a road which leads to a point 
14 mi. east and 8 mi. north ? Ans. N. 60° 15! 20” E. 


43. If the radius of the earth (3956 mi.) subtends 57’ at the 
moon, what is the moon’s distance from the earth ? 


Ans. 238,300 mi. 
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44. Find the radius of one’s horizon if he be located 1320 ft. 
above the earth. How large when located 2 mi. above the 


earth ? Ans. 44.48 mi., 125.8 mi. 
45. How high above the earth must one be in order to see a 
point located on the surface 50 mi. away ? Ans. 1668.2 ft. 
46. The radius of a circle is 240 ft. Find the perimeter of 
a regular inscribed pentagon. Ans. 1410.72 ft. 
47. The radius of a circle is 85 ft. What is the area of the 
regular inscribed decagon ? Ans. 21,284.27 sq. ft. 
4s. Find the perimeter of a regular dodecagon inscribed in a 
circle whose radius is 25 in. Ans. 155.25 in. 


49. What is the radius of a circle inscribed in an equilateral 
triangle whose perimeter is 99 ft.? Ans. 9.52 ft. 


50. The area of a regular pentagon inscribed in a circle is 
475.53 sq. cm. Find the area of a regular decagon inscribed in 
the same circle. Ans. 587.8 sq. cm. 


51. The area of a regular pentagon is 441 sq. ft. Find the 
apothem ; also find the radius of the circumscribed circle. 
Ans. 11 ft.; 13.6 ft. 


52. What is the length of a diagonal joining the first and 
fourth vertices of a regular polygon of 12 sides inscribed in a 
circle whose radius is 30 ft. ? Ans. 42.426 ft. 


53. If R = radius of a circle, show that the area of a regular 


inscribed polygon of n sides is A= nf? sin ue cos ey 


54. From the result in Ex. 53 construct a table showing, in 
terms of FR, areas of the regular inscribed polygons of 3, 4, 5, 
9, 10, 12, sides. 


55. Show that the area of a regular circumscribed polygon 
o 
of n sides is given by A = nf? tan ms : 

56. A train moving at a uniform speed of 40 mi. per hour 
on a straight track passes a station A at noon; at 2:15 o'clock 
P.M. it has arrived at a station B, 56 mi. farther north. How 
far east of A is B, and what is the bearing of the road? 

Ans. 70.46 mi.; N. 51° 31’ 30” E. 
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57. A boat running at a rate of 10 mi. per hour starts to 
steam directly across a river one mile in width. If the water 
be flowing uniformly at a rate of 4 mi. per hour, find the point 
at which the boat will land, and its velocity in the water. 

Ans. 0.4 mi. downstream, 10.77 mi. velocity. 


58. Find the projection of the altitude of an equilateral tri- 
angle upon a side. Let a = side. Ans. 3a. 


59. A line extends N. 20° E. 125 rd. from a point A. Find 
its projection upon a line extending N. 60° E. from A. 
Ans. 95.75 rd. 


60. Find the projection of a line 450 ft. long running N. 
47° E. upon a line running E. 15° S. Ans. 238.45 ft. 


61. Two forces of 160, 120 lb. act upon a heavy body, the 
first at an angle of 30° with the horizontal, the second at an 
angle of 75°. Find the total forces which tend to move the 
body (1) horizontally, (2) vertically. 

Ans. (1) 169.6 Ib., (2) 195.9 lb. 


62. Find the number of square yards in a conical tent with 
circular base, the vertical angle being 60°, and the centre pole 
12 ft. high. [Take w= 42.] Ans. 33.5 sq. yd. 


63. Find the area in acres of the following tract of land: 
starting from a point A, the boundary line runs N. 24° E. 80 rd. 
to B, thence N. 65° E. 120 rd. to C, thence S. 180 rd. to D, 
thence back to A. Find also the length and bearing of DA. 

Ans. 99.157 acres; DA =152.07 rd.; N. 68° 18! 23” W. 


64. Find the area of the following described tract of land: 
starting from a point A, the boundary line runs N. 10° E. 100 rd., 
thence N. 47° E. 150 rd., thence E. 40 rd., thence S. 10° W. 
100 rd., thence W. 40 rd., thence to A the place of beginning. 

Ans. 81.04 acres. 


CHAPTER III 
TRIGONOMETRIC FUNCTIONS OF ANY ANGLE. GRAPHS 


In § 2 the trigonometric functions have been defined for 
positive acute angles only. We shall now extend these defi- 
nitions to include angles of any size whatever. 


19. Axes. Quadrants. To locate an angle which may be 
either acute or obtuse it is convenient to employ Codrdinate 
Axes as shown in Fig. 19. The 
horizontal line is called the 
X-axis, the vertical is called 
the Y-axis. These axes divide 
the plane into four quadrants 
marked I, JI, II, IV. 

A positive trigonometric angle 
is described when a vector OP is 
rotated about O counter-clockwise 
from the initial position OX into 
a terminal position OP; XOP =a. 
If the rotation be clockwise about O, the angle described is nega- 
tive; XOP,=— Bf. See Fig. 19. 


20. Coérdinates. Abscissa, Ordinate. The position of a 
terminal line OP (Fig. 20 a, b, e, d) is determined by two 
measurements z, y, called codrdinates of the point P. The 
x-measurement is called the abscissa of the point P, and is the 
projection of OP on the X-aris. If the projection of OP falls 
to the right of O (Fig. 20 a, d), the abscissa is positive, if to 
the left (Fig. 20 4, ¢), the abscissa is negative. 

The y-measurement is called the ordinate of the point P, and 
is the projection of OP upon the Y-axis. The ordinate is posi- 
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tive (Fig. 20 a, 6) when the projection of OP falls above the 
horizontal, and is negative (Fig. 20 c, d) when it falls below the 
horizontal. 

In locating a point in the respective quadrants, the 
codrdinates of any point are usually written in brackets. 
The symbol (a, 6) means the abscissa x = a, the ordinate y= 6. 
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21. Definitions of the Functions. From the above figures, (a), 
(4), (¢), (d), with Z XOP=aand OP= 7, we define in each case: 


. y ordinate . 

sna =2=% , ese a =”. — distance . 
r distance Y ordinate 
a _ abscissa r dist 

A ais , EY a cs 
Yr distance az abscissa 
y ordinate ° 

tana — / — hee =e abscissa 


a” abscissa” y ordinate’ 


“Sey eS 
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In this notation the signs of the abscissa and ordinate deter- 
mine the algebraic signs of the trigonometric functions for 
angles terminating in the respective quadrants. 


22. Laws of Signs. (1) For all angles terminating in the first 
quadrant, the functions are positive. 

(2) For angles terminating in the second quadrant, the six 
functions are negative except sine and cosecant. 

(3) For angles terminating in the third quadrant, the tangent 
and cotangent are positive, ail others are negative. 

(4) For angles terminating in the fourth quadrant, the cosine 
and secant are positive, all others are negative. 


‘These laws are shown in the following diagram: 


It should be noticed that these general definitions apply 
to angles larger than 360°. For example, sin 400° is the 
sine of an angle terminating 40° above the initial line; hence 
sin 400° = sin 40°. tan 500° = tan (360° + 140°) is the tangent 
of an angle terminating in the second quadrant. tan 500° 
= tan 140°= — tan 40°. sin ( 360° + @) = sin a. 

The fundamental identities, § 5, hold for any angle. 


sin? « + cos? «@ = 1, sinawesea = 1, 
sec” « — tan? a@=1, cos asec a = 1, 
ese? «@— cot? «=1, tan ecota= 1. 


EXAMPLES. 1. What values have the functions when 
sin @=3? 

Solution. The angle @ may be constructed in either of two positions, 
AOP, in the first quadrant, or the supplement AOP, in the second quad- 
rant. Let AOP,=¢,, AOP2= ¢,. In the first case, sin d, = §, cos $,=3, 
tan ¢,=3, etc. In the second case, sin , = §, cos ¢,= —4, tan d,= — j, ete. 

D 
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2. Find all the trigonometric functions when cos ¢ = 3. 


Solution. Locate angle @ as a positive angle in the first quadrant, and 
as an equal negative angle in the fourth quadrant. T an angle whose cosine is 
k is either @ or —f. Then, sin é=+— - , cos d == 5 tan p= + V3, 3, cot p 

1 
= +—., etc. 
v3" 


3. Locate the positive angle ¢, when P has the following 
codrdinates: (a) (4, 8); (6) (—4, 5); (2) ©, —3); @ ©, 
hes (eet 10, Ns (CF eos ae 

4. Give the values of each trigonometric function for each 
angle determined in Ex. 3. 


EXERCISES 


Name the quadrant (or quadrants) in which ¢ terminates 
when: 


1. sin@=4 6. tan@d=—5d. 
2. tang=4. 7. cscp= —2. 
3. cos¢=3. 8. sing= 2, tang < 0. 
4. sing= — 4. 9. cosd$=4, cot d< 0. 
5... cot @ = 0. 10. tang=3, sng < 0. 


Express the following as functions of acute angles: 
11. sin (440°) = sin (360° + 80°) = sin 80°. 


12. sin 370°. 13. tan 430°. 14. cos (2 7+ 20°). 
15. tan (m + a) 16. cot (nm ae 7). 195 S10 (2 nt + 7) : 

3 6 4 
18. sec 300°. 19. tan 700°. 20. sin 500°. 


23. Functions of Negative Angles. To express the trigo- 
nometric functions of a negative angle in terms of an equal 
positive angle construct the negative angle and an equal posi- 
tive angle, Figs. 21 and 22. In either drawing (@ acute, or 0 
obtuse) the triangles AOP and AOP, are equal, 


B= Yy=—Y =". 


eS 


sn 


1 
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P(t) P, (®y%/) 


y? 
Fig. 21 Fig. 22 
i tee en a gin 6 ese (— 8) =— ese 8, 
ae 
cos (— 8) = —! =~ = cos 8, sec (— 8) = sec 0, 
1 
Sy 4 pees Se af jo 
ee ase tan 6, cot (— 8) =— cot 6. 


THE LAWS GOVERNING FUNCTIONS OF NEGATIVE ANGLES 
ARE: (1) Any trigonometric function of a negative angle equals 
the same function of an equal positive angle, (2) the sign being 
changed in all cases except for the cosine and secant. 


EXERCISES 


1. Write equivalents of the following functions with the 
signs of the angles changed : 

(1) eos (— 48°); (4) cot (— 87°); (7) _ sin 47°; 

(2) tan (— 65°); (5) see (— 75°); = (8) tan (a— 8); 

(3) sin(— 50°); (6) cot (—100°); (9) sin (@—#¢). 


2. Write numerical values of the following : 

(1) sin (— 30°); (3) cot (— 60°); (5) cos (— 60°) ; 
(2) tan (— 45°); (4) sec (— 45°); (6) _tan (— 90°). 
3. Reduce to numerical values : 


(1) sin 90° x sin (— 90°) + tan (— 45°). 

(2) tan (— 60°) x sin (— 30°) x ese 60°. 

(3) sin? (— 45°) x cos (— 60°) x ese (— 45°). 

(4) sin? (— 45°) + cos? (— 45°) + tan (— 45°). 

(5) sec? (120°) — tan? (120°) + sin (— 90°). 

(6) cos (— 80°) x sin (— 20°) x seé 80° x ese (— 20°). 


, 
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24. Functions of 90° — @ and 90° + 8. 

(1) Complemental angles. The functions of 90° — @ with 0 
acute, Fig. 23 a, or @ obtuse, Fig 23 6, obey the same laws as 
have been developed in § 38. 


Fig. 23 a. 


In the drawings, Figs. 23 a, 6, the triangles OPA and OP,A, 
are equal, and 
ed ea Rael ee ne 


Defining the functions, we have : 


sin (90° —@)=“42*=cos6, esc (90°— 6) =see 8, 
4 be 


cos (90° —@) = “4 = 


" r 


=sin@, sec (90°— @) =csce 8, 


tan (90°— 6) = Ai * cot 6, cot (90°— @) =tan 0. 
ad a 
LAW FOR COMPLEMENTAL ANGLES. The funetions of the 
complement of any angle equal the corresponding co-functions of 
the angle. 


(2) Functions of 90°4+ 0. The functions of 90°+@ may be 
derived from the above functions of 90°—@ by changing @ into 
—@ and noting the results of § 23. 


sin (90° + 8) = cos (—8) =cos®, — ese (90° + 8) = see 8, 

cos (90° + 8) = sin (—8) =—sin®, see (90° + 8) =— ese 8, 

tan (90° + 8) = cot (—8) =— cot 8, cot (90° + 6) =— tan 0. 
These results show that the same law holds for functions of 


90°+ 0 as for 90°—@, except the algebraic sign is changed in all 
cases except that of the sine and cosecant. 
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25. Functions of 180°—6 and 180°+6. Supplemental Angles. 
The functions of the supplement of an angle @ may be expressed 
in terms of the functions of @. Construct @ acute, Fig. 24 a; 
also construct @ obtuse, Fig. 24 d, 


Fig. 24 a. Fig. 24 b. 


In either figure the triangle OAP equals the triangle OA,P,, 


and 
= —2,/Y,=Y, Ty=?- 


Hence, 
sin (180° — 6) =-+—~ =sin®, ese (180° — 8) = ese 8, 


cos (180° — 6) ="! eee “sec (180° — 0) =— see 8, 
ry 


tan (180° — 6) = “1= 
| 


Y= —tan ®, tan (180° — 6) =— tan 9. 

LAWws FOR SUPPLEMENTAL ANGLES. Any trigonometric 
Function of an angle equals the same function of its supplement, 
the algebraic sign being changed in all cases except the sine and 
cosecant. 

The functions of 180°+6 may be obtained from those of 
180° — @ by changing @ to — @ in the above formulas. We find: 
sin (180° + 6) = sin (— 0) =—sin 6, ese (180° + 8) =~ ese 8, 
cos (180° + 6) =— cos (— 8) =— cos 6, sec (180° + 6) =— sec 8, 

tan (180° + 6) =— tan (— 6) =tan@, cot (180° + 8) = cot 6. 


Law. Any trigonometric function of 180° + 0 equals the same 
function of the angle 0, regard being had for the algebraie sign. 
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EXERCISES 


1. Fill the blanks with the proper function of the supplement 
of each angle: 


(1) sin 150° = sin 30° (6) ese 100° 20’ = 
(2) tan 97°20’ = (7) tan (90°+ ¢) = 


(3) cos 160° 40! 
(4) cot 175° 10’ 
(5) see 120° 10! 


(8) sin (90°— ¢) = 
(9) cos (45° — 6) = 
(10) cot (60°+ ¢) = 


2. By taking supplements of 0°, 30°, 45°, and 60° find the 
trigonometric functions of 180°, 150°, 135°, and 120°. Fill the 
blanks in the following table: 


6oe | 90° | 120° | 135° | 150° | 180° 
| ) ) 


: 


3. Find numerical values of the following: 
(1) sin 120° x sin 60°. 
(2) tan 45° x cot 12° x cos 90°. 
(8) 5 x cos 135° x sin 90° x cos 180°. 
(4) tan 135° x cot 130° + sin 60°. 
(5) tan 150° x cos 150° + sin 30°. 
(6) 2sin 120° + cot 150°. 
(7) tan 135° + eot 45° — eos 180°. 
(8) cos 80° + cos 150° + tan 60° + tan 120°. 
(9) (tan 120°— tan 135°) x (tan 120° + tan 185°). 
(10) sec (180° — @) x cos 6 x tan (180° — a) x cot a. 


4. From proper drawings obtain values of the functions of 
180° + @ in terms of the functions of 6. 
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5. Verify sin 210°=—}; cos 225°=—4-V2; tan 225°=1; 
tan 240°=-V3. [Nore. Construct drawings.] 


6. By adding 180° to the angle in the functions of 90° — @ 
derive the functions of 270°—@. Verify the results by con- 
structing proper drawings. 

f C08 (90° + @) tan(—«) 
sin (— «) tan (180° + «) 
s. Find. the value of #2 180" — ¢) ,, tan (180° + @) | 
cos (90°+ 4) — cot (90° + @) 
9. What sign has sin x + cos z for the following values of x: 
(1) w= 90°; (2). a= 1207; (8) «= 135°; 
(4) x= 210°; (5) x= 300°? 
10. Find all angles less than 360° which satisfy : 
(1) tan@=—1; (2) sind=4V3; (8) cosO=—1. 


7. Find the value o 


26. Line-values of the Functions. 


(1) Acute angles. Let the angle @ be constructed at the cen- 
tre of a circle whose radius is unity, Fig. 25. Then are AB=@. 


CB = sin 0, OT’ = csc 0, 
OC = cos 0, OT =sec 8, 
AT =tan 6, DT' = cot 6, 
CA =vers 0, ED=covrs 6. 


These lines represent 
graphically the values of 
the trigonometric func- 
tions when the radius of 
the circle is taken as 
unity. 

It should be noticed 
that trigonometric func- 
tions considered as line-values may be described as follows: 
(1) The sine of an angle is the length of the perpendicular let 
fall from the terminal end of the are (B) upon the diameter 
through the initial end (A). (2) The cosine of an angle is the 


40 PLANE TRIGONOMETRY [§ 26 


part of the radius (OC) cut off by the foot of the perpendicular 
(BC). (3) The tangent of an angle is the geometric tangent 
erected at the initial extremity (A) of the are and terminated by 
the diameter produced through the terminal extremity (B) of the 
are. (4) The secant is the line from O to the extremity of the tan- 
gent (OT). (5) The cotangent is the geometric tangent erected 
at the 90° point (D) of the circle, and terminated by the terminal 
radius produced to T’, (DT'). (6) The cosecant is the length 
of the line from the centre of the circle to the extremity of the 
cotangent (OT"). 

Convention of signs. In the above definitions the sines and 
tangents are verticals, and are taken positive when drawn up- 
ward, negative when drawn downward. The cosines and cotan- 
gents are horizontals, and are positive when drawn to the right, 
negative when drawn to the left. The secants and cosecants are 
positive when drawn from O along the terminal boundary OB, 
negative when drawn from O backward, as OT in Fig. 26 (a). 

The older text-books defined the trigonometric functions 
from this line-value standpoint, but at the present time the 
definitions are usually given, as in § 2 and § 21, from the ratio 
standpoint. It is often convenient to use the line-values. 

(2) Angles larger than 90°. Drawings are here inserted to 
show the line-values of the functions for angles larger than 90°, 
Figs. 26 (a), (6), (¢). In each case OT= sec 0, OT’ = esc 8. 


Fig. 26 (a), (b), (c). 


These drawings show clearly that the fundamental relations, 
§ 5, hold whatever the angle may be. 

The following table shows the signs of the functions of 6, 6,5 
9,, 85, shown in Figs. 25, 26 (a), (6), (e), respectively. 
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It should be remarked that the functions of an angle between 
270° and 360° are the same as those of a negative acute angle, 
and that the functions of an angle between 180° and 270° are 
the same as those of a negative obtuse angle. 


EXERCISES 


Draw figures and show: _ 
1. sin 70° = cos 20° = sin 110°. 


2. sin 120° = cos 30° = — sin( — 60°). 

3. sin 117° = cos (— 27°) = cos 27°. 

4. cos 300° = cos (— 60°)= sin 30°. 

5. sin 220° = sin(— 40°) = — sin 40°. 

6. cos 195° = — cos(— 15°) = — cos 15°. 

7. sin(— 10°)= sin 190° = — sin 10°. 

8. sin 60° = — cos 150° = cos 30°. 

9. tan 120° = — tan 60° = tan (— 60°). 
10. cot 165° = — cot 15° = — tan 75°. 


If A+ B+ C= 180°, show: 


me fe 13. sin A=sin(B+ C). 
11. cos—=s1n : 
2 2 14. cos B=— cos(A+C). 
eae: A+-KCG 15. tan A=-—tan(B+ C). 
12. sin — = cos : 
2 x 16. sin d=—sin(2A+ B+ C). 


17. cos A=—cos(2A+ B+ C). 


18. cos (75 =) nn sin a) = sin Soy 
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= 2B 
19. sin (4 =) = — Cos oe = COS (eS) 


2 2 
20. cos B=sin (At22+°), 
Change each of the following to functions of positive acute 
angles : 

21. sin 340°. 24. cot(— 160°). 27. sec(— 200°). 
22. tan 540°. 25. sin 260°. 28. tan(— 280°). 
23. cos 450°. 26. cot 300°. 29. sin(— 500°). 
30. cos(— 490°). 31. sin( — 40°) x tan 187°. 


27. Graphs of the Trigonometric Functions. The line-values 
of the functions furnish a means for constructing graphs which 
show to the eye the numerical values of 
sin 2, cos 2, tan x for any angle. 

C1) Graph of sine. Let us take a unit 
circle, Fig. 27, and, beginning at A, locate 
points B,, B,, B,, --- at equal intervals, 
say 18°, along the circumference. Then 
draw perpendiculars B,Cj, B,C, 
These lines are equal to the sines of the 
respective angles subtended by arcs AB,, 
AB, ---. Now, place the point A at O, Fig. 28 (a), and 
straighten the circumference along the line OX, the points 
B,, B,, Bs, ++ falling at equal intervals along OX as indicated. 
Erect perpendiculars (+ or —) equal to B,C,, B,C,, B30, ---, 
respectively. These lines are the sines of the angles whose arc 
measures are AB,, AB,, AB, ---. In Figs. 28 (a) and (6) the 
scale is 4 of that used in Fig. 27. 

If a smooth curve be drawn through Cj, C, C3, ---, we have 
a locus known as the sine curve, or the graph of sin x. 


Fig. 28 (a). sine curve. 


a 


_—s. 
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If the circumference be laid off to the left of O, we have the 
part of the graph shown on OX’. 

(2) Graph of cosx. Taking the unit circle as before, Fig. 
27, dividing its are into equal intervals, laying the cireumfer- 
ence upon OX, and erecting perpendiculars at O, B,, B,, Bs, --- 
equal in length to OA, OC,, OC), ---, we have lines which equal 
the cosines of the angles subtended by arcs AB,, AB,, ---, re- 
spectively. Now, connect the points A, Cj, Cj, --- by a smooth 


curve, and we have the graph of cos x, or the cosine curve, 
Fig. 28 (0). ; 


Fig. 28 (b). cosivz CURVE, 


(3) Graph of tanx and cotx. If at the points By, B,, B,, 
on OX, Fig. 28 (e), we 
erect perpendiculars (+ 
or —) equal to the 
lengths of the tangents 
at A of the ares AB,, 
AB,, AB,, ---, the points 
T,, Ty +++ lie upon a ‘ 
curve known as_ the 
tangent curve, or the 
graph of the tanz. This 
curve consists of a series 
of parallel graphs, each 
extending to infinity at 
90°, 270°, 540°, ---. 

The graph of cot z 
may be constructed in a 
similar manner. ‘The 
graphs of tanz and cota 
are shown in Fig. 28 (¢). Fig. 28 (¢). 
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CHAPTER IV 
MEASUREMENT OF ANGLES 


28. Units of Measure. In the measurement of angles, two 
units are in use, the degree and the radian. 

(1) Sexagesimal system. The degree* (marked by °) is the 
pa of a right angle. It is the unit of degree measure or the 
sexagesimal measure. ‘The degree is divided into 60 minutes 
(marked 60’), and the minute into 60 seconds (marked 60”). 


48 degrees 385 minutes 24 seconds = 48° 35! 24”. 


Seconds are frequently written as decimals of a minute, and 
minutes and seconds may be written as decimals of a degree. 


45° 21! 86" = 45° 21.6! = 45.36°. 


Degree measure is used in most of the practical calculations 
of astronomers, engineers, and surveyors. 

(2) Radian measure (Circular 
measure). In this system the unit 
of measure is the radian, the angle 
subtended at the center of a circle by 
0 ¢ an are equal to the radius. 

In Fig. 29, the are BC= 00, 
hence the angle COB=1 radian. 
Circular measure is used almost ex- 
clusively in the theoretical work of 
Fig. 29. higher mathematics. 


B 


a 
% 
> 
Z 


29. Relations between Degree and Radian Measure. The two 
systems of measurement may be compared. If C= circumfer- 
ence, R = radius, we have 


C=2 aR, r= 38.14159265..-... 


* The degree could as well be defined as the gy of an angle of an equilateral triangle. 
In their efforts to determine direction, it is thought the ancient Babylonians used as 
a unit of measure the angle of an equilateral triangle; this angle was at first divided 
into 10 equal parts, and later into 60, which coincides with our sexagesimal system. 


44 
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A circumference subtends 360° at the centre; if the radius be 
taken as the unit of measure (called a radian), we have 360° in 
angular measure equal to 2 7 radians in circular measure. 

360° = 2 1 radians, 

180° = T radians, 
tgs: ae 

180 

1’ = 0.0002908882086.-- radian, 
1” = 0.0000048481368.-- radian. 


1 radian = 0.0174532925199..- radian, 


Conversely, 
1 radian = 180 — 57.99577°..... = 57° 17' 44.8". 
7 
CONVERSION Rues. (1) To reduce degrees to radians mul- 


tiply the number of degrees by as = .01745, and mark the result 


radians. (2) To reduce radians to degrees multiply the number 
180 ; 


of radians by —— = 57.295, and mark the product degrees. 
7 


For approximations take a = 32. 
EXAMPLES. 1. Convert 63° 30! to-radians. 


63.5 x 0.01745 = 1.099 radians. 


2. Convert 148° 20’ 24” to radians. 
148° 20/ 24”” = 148.342, 
148.34 x 0.01745 = 2.588 radians. 
3. Change 2.5 radians to degrees. 
2.5 x 57.295 = 143.239 degrees. 


EXERCISES 
‘ 2 3 
1. Give degree measure of 7; 7; 7; 7; La 
ae 4 66 US 4 


2. Change from degrees to radians: 18°; 124°; 290°; 80°; 
500° 45/. 

3. Change from radian measure to degrees: 1.5; 3; 1.65; 
2.75; —0.4; 5}. 
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4. Find the number of degrees in: (a) Las, ; (6) 1— 
2 
(e) 140°— 14; (Cd) 80°+ 27; (2) ier a: deer tot 


5. What does each of the following symbols mean? 


Note. n is any integer. 
(a)-+m; (6) nw; (¢e) 2mm; (@) nz (e) (2n+1)53 
y te a. 
(Ff) (2n—1)53 (9) aie 


6. Name the quadrant in which each of the following angles 
terminates : 

(a) ~—1; (6) 7+ 48°; (ce) 240°+2; (Cd) nm 75 when 
n=0, 1, 2, 3, 4. 

7. Determine the smallest positive angle which has the same 
terminal boundary as : 

(a) 440°; (6) 660°; (e) 378°; (Cd) — 200°; (e) — 800°; 
(f) w—40°; (g) 274+120°. 


30. The Length of Any Arc. In geometry it is shown that 
in unequal circles arcs subtending 

Q equal angles are to each other as 

the corresponding radii. Thus, in 

the figure arc PQ: are AB:: OP 

ex :OA. Hence, if OA be taken as a 

. unit, the are AB is the radian 


measure of the angle AOB; that is, 

AB=6; and PQ=060.-OP=86.-R. 

THEOREM. The length of any 

are equals the radius multiplied by 

Fig. 30. the radian measure of the angle 
subtended by the are. 


EXAMPLES. 1. Find the length of a 20° are upon a circle 
of radius 27 ft. 


SoLuTion. 20° = 20 x 


180 
Are of 20° = . x 27 ft. = 3a ft. = 9.42 ft. 
Nore. Take a = 4%. 


—™ radian. 
9 
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2. Vind the length of an are subtending 135° upon a circle 
whose radius is 16 in. 


SoLuTion. 135° = 135 x aaa = ; a radians. 


Are of 185° = $7 x 16 = 127 in. = z ft. 


3. Find the angle subtended at centre by a 6 ft. are upon 
a circle whose radius is 15 ft. 


SOLUTION. Are = 6-R. 
9 
g= = Me = F radian. 


Hence, @ expressed in degrees is 
# x 57.29° = 22.91° = 22° 54! a6". 


31. Segment and Sector Areas. The area of a sector of a cir- 
cle, AOB, equals are 
AB multiplied by one 
half of the radius, 
Fig. 31. 


Sector AOB = 
darc ABx OB=} RO. 
Area of triangle AOB 
=4ABx OD 
=,AEx OB 
= 4 Rsin 0. 
Area of shaded segment 
ADB=16R?— 5 B*sin® 


A 


= = (6 — sin @). Fig. 31. 


Note. The angle @ is to be expressed in radian measure. 
/ 


EXERCISES 


1. Find the ig of an are of 63° on a circle of 20-in. 
radius. Ans. 22 in. 


Notre. In this list of exercises, take r = 44, except otherwise indicated. 


2. Through what distance does the extremity of a T-in. 
minute hand of a clock move in 10 min.? Ans. 32 in. 
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3. Find the radius of a circle in which a 10-ft. arc subtends 
an angle of 2 radians at the centre. Ans. 5 ft. 


4. Find the angle at the centre of a circle, radius 24 in., 
which is subtended by an 11-in. arc. Ans. 26° 15!. 


5. Find the area of a 24° sector whose subtending arc is 
8 ft. Ans. 76.36 sq. ft. 


6. Ina circle whose radius is 10 ft., a chord is 6 ft. from 
the centre. Find the area of the smaller segment cut off by 
the chord. Ans. 44.73 sq. ft. 


Nore. Take radian measure from Table IV in Ex. 6, 7, 8, 9, 10, 15, 16, 17. j 


7. A horizontal oil tank whose length is 30 ft. and radius 
4 ft. is filled to a depth of 15in. Find the number of gallons 
of oil in the tank. (231 cu. in. = 1 gal.) Ans. 1125.6 gal. 


8. Find the length of a belt stretched around two pulleys 
whose radii are 5 ft. and 14 ft., respectively, the distance 
between the centres of the pulleys being 20 ft. Also find the 
length of the belt when crossed. 

Ans. (a) 61.03 ft.; (6) 62.55 ft. 


9. Find the distance at which a foot ruler must be held so 
that its length will subtend one degree at the eye. 
Ans. 57.29 ft. 


10. Find the length of a degree on a circle whose radius is 
3956 mi. Ans. 69.045 mi. 


11. What is the length of a degree of longitude on the 
89th parallel of latitude, if one degree on the equator is 69.045 
mi., the earth’s radius being 3956 mi. Ans. 53.65 mi. 


12. If m be the length of one degree upon the equator, show 
that the length of one degree upon any parallel of latitude is 
m X cos e, when « is the latitude of the parallel. 


13. In radian measure two angles of a triangle are } and 2. 
Find the third angle in degrees (7 = 22). Ans. 188°. 
14. The end of a 380-in. pendulum swings through a 3-in. 
arc. Find the angle through which it swings. Ans. 5° 48.8/. 
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15. If the diameter of the moon be 2163 mi., find the 
moon’s distance from the earth, assuming that its diameter sub- 
tends 31’ 7" at the eye. See § 29. Ans. 238,900 mi. 


16. If the sun’s apparent diameter subtends an angle of 32! 4” 
at the eye, find its diameter, assuming the sun’s distance from 
the earth to be 92,897,000 miles. Ans. 866,500 mi. 


17. If the earth’s equatorial radius (3963 mi.) subtends 8.8” 
at the sun (the sun’s parallax), find the distance of the sun 
from the earth. Ans. 92,890,000 mi. 


CHAPTER V 
FUNCTIONS OF TWO ANGLES. MULTIPLE ANGLES 


We next develop the trigonometric functions of the sum and 
difference of two angles. * 


32. To develop sin (a+) and cos(a+f6). The angles « 
and 8 may be both acute and such that 
their sum is less than 90°, as in Fig. 32 ; 
\ or they may be such that their sum is 
EN greater than 90° and smaller than 180°, 
as shown in Fig. 33. In each con- 


c\ ° struction, 8 is made to join a, the line 
PQ being erected perpendicular to OP 
Lee Fees perp 


6 nu. and OV CGN’), drawn perpendicular 
Fig. 32. _ to OM at N, or to OM produced nega- 
tively at WV’. 
Then defining sin (@#+ 8) from the figure, we have 
: NQ MP+RQ 
sin ae = = 
ain (+8) = G0 =o 


tag” 


MP OP R _ 
"OO Oe re - 
= sin «cos 8+ cos a sin B. 
Similarly, 
ON _ OM— RP 
OY OY 
_ OM . OP SRE or 


cos (e+ 8)= 
= —_—— — xX — 
0Q OP 02° OP 


= COS @ COS — sin « sin B. 
50 
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33. To develop tan (a+B). (1) We may derive tan («+ @) 
from the drawing, thus: 


PM , QR 
ian (a+ A)= 2X PMT OR _ OM OM 
ON OM—PR 1-22 
OM 
tan ate ?@ 


OP _ tana+tanf 


1 _PM-PQ 1-tana tang 
OM - OP 


Nore. The triangles OMP and QRP are similar. 


(2) We may derive tan («+ ) analytically by dividing 
sin («+ 8) by cos («+ 8). 


tan (es Aya Set 8) sin «cos 8 + cos «sin 8 
cos(@+ 8) cosacos 8 —sinesin B 


Dividing both numerator and denominator by cos a cos 8, we 


find 
tana+tanf _ 


t = 
on («+ 8) 1—tanatan 8 


By taking the reciprocals of tan (a+ 8), tan a, tan B, we 
have 


eot «cot S—1 
eot 6 ——— 
(e+ 8) _ cot a+cotB 


Since the sin( — @) = — sin 6, cos(— 0) = cos @, and tan (— @) 
= — tan 6, we have, on changing 8 into —8 in each formula 
above: 

sin (a — 8)=sin «cos 8 — cos «sin f, 


cos (« — 8) = cos «cos 8 + sin asin f, 


tan («— 8) = 


tana—tanf _ 
1+ tan «tan B 


Norse. The above formulas have been derived from figures in which 
« + B is either acute, or lies between 90° and 180°. The same results are 
true for any values of «, 8, but we shall not introduce any proof of this 

- fact here. 
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XN 


34. Important Formulas. Collecting the results of the above 
demonstrations, we have the fundamental formulas: 


Gh) sin (a + 8B) =sin a cos B + cos a sin B, 
(2) cos (a, + B) = cos a cos B—sin a. sin B, 
(3) sin (a — B)=sin a cos B— cos a sin B, 
(4) cos (a — B)=cos a cos B + sina sin B, 
tan a + tan np 
Oo ag oe ke —tana tan B’ 
peer 
6 t — $2 es 
©) aor 1+tana tan B 
+ cot a cot B—1 
t eee ps 
ee ooh 8) cot a + cot B 
EXERCISES 


1. Show sin 75° = sin (45° + 30°) =1(V6 + V2). 
SoLuTION. sin (45° + 30°)= sin 45° cos 30° + cos 45° sin 30° 
_v2 vB, v2 1 


2 2 Pie - 


Hence, sin 75° = cos 15° = 1( V6 + V2). 
2. Show sin 15° = 1(V6 — V2) = cos 75°. 
3. Show tan 75° = 2+ V3 = cot 15° 
4. Show tan 15° = 2 — V3 = cot TS°. 


: 3 ‘ 
5. Show sin (45° + «) = V2 cos a-+sin«). 
Nore. Apply formula (1). 


6. Prove cos (30° — a) = 4(-V3 cosa + sin @). 


7. Prove tan (45° + 2)= tie a cot (45° — 2). 
— tan x 


8. Prove “Bos xr— 5 sin # = sin (60° — 2). 


9. Prove 500s e+ “ sin x = cos (60° — 2). 
V3—tanz , 


10. Prove tan(60° — 2) = —————— 
14+-V3 tan x 


—s 
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11. Derive the formula sin («+ 8+) =sin «cos B cos y 
+ cos «sin 8 cos y + cos « cos 8 sin y — sin «sin Asin y. 
Su@Gestion. Write sin (a@+ 8+ y)=sin (@+ [B+ y]), and apply (1). 
12. Derive cos («+ 8+ 7) = cos «cos 8 cosy — cos «sin Bsiny 
— cos 8 sin asin y — cos y sin «sin B. 
13. Derive tan (2+ y+2) 
_ tang +tany + tanz—tanztany tang — 


~ 1—tanz tan y — tan y tanz— tang tanz 


14. Ifsin z= 0.5 and cos y = 0.6, find the value of sin(#+y), 
and cos (#+ ¥). 


SuGeestion. Construct angles z, y,and expand sin (x + y), then substi- 
tute. Likewise with cos (x + y). 


sin (x + y¥)=sin cosy + coszsin y 
= 0.5 x 0.6 + 0.5V3 x 0.8 = VE wv +4). 
cos (x + y) = cos x cos y — sinz sin y. 
=0.5V3 x 0.6 — 0.5 x 0.8 = nd (v3 — 4). 
15. If sinzg=0.8, tany=1, what value has sin(#—~y)? 
tan (x+y)? 
16. When tanz=V3, cosy=0.5; find tan(#—y); also 
cos (#— y). . 
17. When cos z=1, tan y=1, find sin(x+y); also cot(v#+y). 
18. Show cos(a#+y)=0, when tana = 0.5 and cot y = 0.5. 
19. Show sin(#+ y)=1, when sinz = cosy. 


20. Show tan(2+y7)= 0, when cosz=sin y, or tanz=coty. 


FUNCTIONS OF MULTIPLE AND SUB-MULTIPLE ANGLES 


The formulas enumerated in § 34 give rise to new and im- 
portant results by making angle # equal to angle «. 


35. Functions of 2a. In the formulas, 
(1) sin(«@+ 8)= sin «cos 8 + cos asin B, 
(3) cos(«+8)= cos «cos 8 — sin «sin p, 


_ tane+tan8 
per ran Cat B= 1 —tan «tan p’ 
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let 8 =a, and we derive: 


(7) - sin2a=2sina cosa, 
(8) cos 2 a = cos? a — sin? a = 2 cos?a— 1=1—2sin’a, 
(9) tan2a=— a. 

1—tan’?a 


36. Functions of 3a. 


Let 8 =2« in (1), (3), (5) above, and employ results of 
(T), (8), (9), and we obtain: 


(10) sin3 a = 8sina — 4sin°a, 
(11) cos8 a = 4 cos? a — 8 cosa, 
“ i, 3 
(12) tan8q = 2 ano — tanta, 

1 — 8 tan’a 


yi Half-angle Formulas. In (7), (8), (9) § 35, let « ——- 
and we find: Sa 


(18) sing = 2sin 5 cos, 


(14) cosx= cos? = sin?S =s cost 5 — 1=1- 2 sin®=, 
Ztan® 

(15) tan « =———_- 

1—tan?= 


— 


Solving each of the latter two values of cosz for sin™ and 


cos = we have the important formulas: 


(16) sin 2/1 — 008 cone, 


2 
1 w_j/1+ cosx 
(17) 8 aes 


and dividi in= 2 
viding sin by COs 5 
(18) tan © —,/L-—cosa@__sinw _1-cosx, 
2 l+cosx 1+cosx sin x 


(16), (17), (18) are known as the half-angle formulas. 
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EXERCISES 


If sinz= 3, find sin22; also tan 22. 


2. If cosx= 73) find tan 2x; also cos22. 


If ese x = 2, find sin2z; also cos 22. 


Find sin z, if cos A = 0.3. 


, pe 5 

Find tanz, if sin27 =”. 

in an2z, 1 cor 13 
V3 


Find sin z, if cos22= = 
_— 


7. Find tanz, if sin22= 13. 


Find tan 60°, knowing tan 30° = 4-V3. 
Find tan 53° 8’, if tan 26° 34’ = 0.5. 
Find cos 22, if secx = 3. 

Tf sin a = 0.4, find sin 3’a. 

When tan « = 0.1, find tan 3 a. 


. Find sin 223° and cos 223° from the functions of 45°. 
. Find tan 15° from the functions of 30°. 
. Find the sin 674° from the functions of 223°. 


Verify the following identities : 


16. 
17. 


18. 


22. 


23. 


(sinz + cosz)*=1+sin2z.. 


cost x — sint xz = cos 22. 


2 tan= 1 — tan® 5 
op NEES 19. Py 02. 
2 2 

2 sin? z 


2sing + sin2e= 7 
— cosa 


. tanz+cotxa=2esc2z. 


tan (z + = sec 2+ tan 2. 


cotz —tanx =2cot2z2. 
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24. 


25. 


28. 


29. 
30. 


PLANE TRIGONOMETRY | [§§ 37-38 


in  @ Ivers x 
Sue! 1 — cos 22. 26. sin 5 = 9 : 


cot x 


in: az l1+sinz—cosz 
sin 3% _ 14 2cos2z. 27, tan 2 So : 
sin z 2 1+4+sinz+cosz 


sin 4 6 = 4 sin 0 cos 0 (cos? 6 — sin? @) 
= 8 cos? 6 sin 6 — 4 cos @ sin 8. 
cos 4 6 = 8 cos! 6 — 8 cos? 6 + 1. 
When sin 3 6 — sin6 @ =0, show cos 3 @= 4. 
31. sind @= 16sin® 6 — 20 sin? @ + 5sin 8. 
32. cos50@= 16 cos® 0 — 20 cos? @ + 5 cos @. 
33. sin? A — sin? B=sin(A+ B)sin(A — B). 
34. cos? A — cos? B=sin(A+ B)sin(B— A). 
35. cos? A — sin? B= cos(A + B)cos(A — B). 


36. sin$ + cosS= + VI+sind. 


37. sin 8 — cos $= +~¥V1-— sin @. 


(Explain use of double sign in 36, 37.) 


SUM AND DIFFERENCE FORMULAS 


38. Converting to Products. Taking the results (1), (2), 
@), G), § 34, 


sin (e+ 8) =sin « cos 8 + cos asin £, 
sin (« — 8) = sin « cos 8— cos «sin B, 
cos («+ 8) = cos «cos 8— sin asin B, 
cos (e— 8) = cos ecos 8+sin «sin B, 


we have on adding and subtracting : 


sin («+ 8) +sin (a— 8) =2sin « cos B, 

sin (« + 8) — sin («#— 8) =2 cos «sin B, 

cos (a+ 8) + cos («— 8B) =2 cos acos B, a 
cos (a+ 8) — cos (a— 8B) = —2sinasin B. 


Let «+ B= X,.«0— B= J, then 


Pre Ge 


= ga Ay. 


2 
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Making these substitutions, we have : 


(19) sin. X + sin ¥ = 2sin* + ¥ eos X— 
(20) sin X— sin ¥ = 2 cos * + ¥ sin ——— ae a 
(21) cos X + cos ¥ = 2 cos *+* cos t=, 
(22) cos X — cos ¥ = — 2sin= 4 ¥ sin n= x 


These formulas should be remembered as the sum of two sines 
equals twice the sine of the half sum, times the cosine of the half 
difference, and so on for the remaining formulas. Formulas 
(19)-(@2) are the so-called Sum and Difference Formulas ; 
when read forward they convert a sum or difference of two 
sines or cosines into a product; when read backwards they con- 
vert a product of two sines or cosines into a sum or difference. 


39. Converting to Sum or Difference. The formulas (19), (20), 
(21), (22) should be recognized when read conversely. Writ- 
ing formulas (1), § 38, conversely, and replacing « by A, 8 by B, 
we have: 


(19") 2sin 4 cos B = sin (A + B) +s8in (A— B), 
(20) 2 cos A sin B = sin (A + B) —sin(A—B), 
(21'/) 2 cos A cos B = cos (A + B) + cos (A— B), 
(22') 2sin A sin B = cos (A — B) — cos (4 +B), 


a set of important relations which should be recognized. 


EXERCISES 


Read the following exercises, applying the sum and difference 
formulas, reducing answers : 


1. sin 10°+ sin 40° = 8. sin (—10°)+sin 40° = 
2. sin 80°+ sin 30°.= 9. cos 80° — cos (= 20°) me. 
3. cos 60° + cos 40° = 
vig 
4. sin 70°—sin 40°= 10. cos = + cos 3 = 
5. cos 28° + cos 42° = 
6. cos 28° — cos 42° = 11. sin4@+sin30= 
7. sin 85° + cos 25° = 12. sin3@—sind= 
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33. cos(n+1)0—cos(n—1)0= 
14. sin(n+1) os sin (n—1) ri = 


Express as a sum or difference: 


15. 2sin 40° cos 20° = 18. 2 cos 60° cos 10° = 
3 
16. 2cos 50° sin 40° = 19. 2sin™ rn cos 7 = 
17. 2sin 20° sin 40° = 20. 2sin (nO) cos(n—1)0= 


Prove the following identities : 


sin2a+sin2y_tan(z#+y)_ 


oho : = 
smn2a—sin2y tan(#—y) 


= 5 
ee cos 8 x— cos ae SY 


sin382+sind5z 


oo. sing+siny_4,,@+y9). 
cos 2+ COs ¥ 2 
24. sin 9¢+siN? . tan 5z. 
cos 9z+cosz 
; ? an = # 
25. on ee Z 
sinz—siny 4.,%-Y 
2 


og, O82 NS Se en 
cos 2+ cos y 2 2 


27. oe (2 ak = + sin( = 7) = sin 2. 
28. sin (30° + A) + sin (30° — A) = cos A. 
29. cos (F + A) + cos (4 — A) = cos A. 


sin (vn — 2) x+ sin (mx) 
cos (m — 2) a — cos (ne) 


Si. 2 sin (2 + T) sin (2 = 7) = sin? x — cos? 2. 


30. 


= cot z. 


32. cosa+cos32+cos52+cosTx2=4coszcos2zcos4z. 


33. sing+sin32+sin5z2+sin7z=4 coszcos2zsin4z. 
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sin @ + sing + sin (0 + $)=4c08 § cos $ sin Ot $. 


sin 6 + sin ¢ — sin (@+ $)=4sin$ sin g sin e+ : 
sin 8+ sing + sin — sin(@+¢+4+ wy) 
cos 6+ cos ¢ + cos ¥ + cos(0+ + >) 

= tan 2+ ¢ tan 2+ ¥ tan wee 


When A+ B+ C=180°, prove: 


37. 


41. 


42. 


44. 


45. 


. cos A+ cos B+ cos C=144sin4 aa sin =- 


sin A+ sin B+ sin C=4e0s4 cos 2 cos 


~ -_ 


sin A + sin B —sin (= 4sin 4 sin $ cos ©. 


a — 


C 
2 2 2 


cos A + cos B— cos C= — 1+4e0s4 cos % sin S. 


tan A+ tan B+ tanC = tan A tan Btan@. 


icine sin(z7+y)_ cotx+coty — 
cos(x—y) 1+cotxrcoty 


ie tan z+ tan y _ sin (x#+y). 


tana—tany sin (z—y) 


Sh tan 5a2-—-tan3z _ tan3e%—tang | 
l+tan5ztan8z~ 1+tan38ztanz 


Prove that in a given circle the area of a regular inscribed 


pentagon is to the area of a regular inscribed decagon as 
cos 36° is to 1. 


CHAPTER VI 


LOGARITHMS 


Calculations involving multiplication, division, raising to 
powers, and extracting roots may become quite laborious when 
performed in the ordinary way. To abbreviate the work of 
numerical calculation certain tables known as Logarithmic Tables 
of Numbers and of the Trigonometric Functions have been 
prepared. The use of such tables will now be explained. 


40. The Index Laws. Let it be required to find an approxi- 
mate value of the fraction 


yp a 25x 78.6 x tan 65° | 
658.4% 4.75 


Since 10!=10 and 10?=100, we may approximate a number 
between 1 and 2 which, when used as an exponent of 10, will 
produce 25. This exponent is approximately 1.39794. The 
number 10 may be affected by an exponent which will produce 
any one of the numbers in the fraction F. 
We write the above fraction in exponential form thus: 
pa 2e x86 x tan 669 _ Ee ee 
658.4 x 4.75 eee 1 
1 ()1-39794+1.89542+0.33133 
~{ (2-81849+-0.67669 


1 0)3-62469 


=i 1 (3.62469 -3.49518 
— | ()0-12951, 


This final result will evidently be a number smaller than 10 
since the exponent is less than unity; its approximate value is 


F =1.3474, 


Thus, the operations of multiplication have been replaced by 


addition, and the operation of division has been performed by 
subtraction. 


60 
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The exponents of 10 in this illustration obey the index laws 
of elementary algebra, viz. (1) the exponent of a product 
equals the swm of the exponents, (2) the exponent of a 
quotient equals the difference of the exponents (the exponent 
of the denominator subtracted from that of the numerator). 
To these two laws we attach a third, illustrated by 


252 — (101-39794)2 — 1 0279588 — G25, 


These three index laws are expressed by formula thus: 


(1) a® x a = a*ty, 
(2) a* + av =a*Y,” 
(3) (ah)= = am, 


41. Definition of Logarithms.* 

(1) Common LoGaArituMs. The logarithm of a number N to 
the base 10 is the exponent by which 10 must be affected to produce 
the number N. Logarithms constructed upon 10 as a base are 
called Common logarithms (Briggian logarithms). 

As illustrations of logarithmic notation, 

Saas 1, log 25 = 1.39794, 
e.6=2 10, log 78.6 = 1.89542, 
tan 65° = 10°*"8, log tan 65° = 0.33133. 


(2) Locarirums To ANY BAsE. If we write 


a =, 
we define ac = the logarithm of NV to base a, 
or more briefly log. N =x. 


The logarithm of a number N to base a is the exponent by which 
a must be affected to produce NV. 


* Logarithm = ratio number. Logarithms were invented by John Napier (1550- 
1617), a native of Scotland. To his system of logarithms, published 1614, he applied 
the name artificial numbers. Napier’s system of logarithms was not constructed 
upon 10asa base. Henry Briggs (1556-1631), professor in Gresham College, London, 
first used 10 as a base (1617), and thus constructed a system adapted to the ordinary 
decimal notation. The tables first published by Briggs were constructed to 14 decimal 
places. Tables in ordinary use are constructed to seven, six, five or even four 
decimals. Greater degrees of accuracy will be obtained by using tables with greater 
numbers of decimals. The ordinary logarithms of the trigonometric functions were 
first constructed by Gunter, 1620. 
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EXAMPLES. 1. If the base is 5, what is log, 25, log, 125, 


log, (0.2), log; (0.04)? Ans. 2, 8, —1, —2. 
2. With 8 as base, what is log, 64, log,(4), log, 4, log, 16, 
log, 32, log, 128? Ans. 2, —1, 2, 4, 8, f- 


3. With 10 as base, log 2 = 0.30103, log 3 = 0.47712, 
log 5 = 0.69897. Find log 4, log 6, log 9, log 12, log 15, log 18, 
log 20. 

Ans. 0.60206, 0.77815, 0.95424, 1.07918, 1.17609, 1.25527, 
1.30103. 

4. From example 3 above find log(?), log(4,), log 1.5, 
log 1.2. Ans. 0.35218, 0.87506, 0.17609, 0.07918. 

5. With 16 as base, what numbers correspond to the follow- 
ing logarithms: 2, 4, 8,4, —4, —}? Ams. 256, 4, 64, 2, 4, } 


42. Systems of Logarithms. Any number (excluding 0 and 
1) may be taken as a base for a logarithmic system. Two 
bases are in use, 10 and e, where e is defined by 

e=14+1+ 4+ ostoeit .. =2,71828182-..-. 

Logarithms constructed with 10 as base are called common 
logarithms or Briggian logarithms. This system is adapted to 
all ordinary numerical calculations. 

Logarithms constructed with e as base are called natural 
logarithms, or Napierian logarithms, or hyperbolic logarithms. 
This system is used in the theoretical work of higher mathe- 
matics. Tables of logarithms constructed to the base 10 will 
be found in the Tables compiled at the end of this book. 


43. Laws Governing the Use of Logarithms. The interpreta- 
tion of the Index Laws into logarithmic form furnishes the 
necessary rules for performing multiplication, division, raising 
to powers, and extracting roots by means of logarithms. 

I. Law or Propucts. The logarithm of a product equals 
the sum of the logarithms of the factors. 


For, let a*=N, a’=M, 
then z=log,N, y=log,M. 
Also, N x M=a* x a =a", 


log, (N x M)=a2+y=log, N+ log, M, 
which establishes the law. 
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EXAMPLE. log,)(67 x 126)= logy) 67 + log,, 126 
= 1.82607 + 2.10037 = 3.92644. 
II. Law or Quortents. The logarithm of a quotient equals 


the logarithm of the numerator diminished by the logarithm of the 
denominator. 


For, let P=, - a = A, 
then N+M=a*+a"=a™™, 
In logarithmic form _ 
log, (ar) = x2—y=log, N — log, M. 
EXAMPLE. logy, (184 + 1.56) = log,, 184 — log,, 1.56 
= 2.26482 — 0.19312 = 2.07170. 


III. Law or Powers (Roots). The logarithm of N™ 
equals n times the logarithm of N. This law is true for any 
value of the exponent n, sfcaslogias positive or negative, integer 


or fraction. 
Let = N, z= log, V; 


then, by the third index law, 
Cat)" = = gq — N*. 
In logarithmic notation, 
loga(N")=nx=n- log, N. 
EXAMPLES. log 507 = 3 log 507, 
log (148)? = } log 148, 
log (576)! = # log 576. 


44. Characteristic and Mantissa. [rom the table 


10* =10000 
10? = 1000 
1? = 100 
10% es- 10 
10° = 1 
1G? 1 
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it is obvious that the logarithm of an integral power of 10 is an 
integer, either positive or negative. The logarithms of num- 
bers between 1 and 10 are evidently between 0 and 1, loga- 
rithms of numbers between 10 and 100 are between 1 and 2, 
and so on. For example, log 8 = 0.90309, log 80 = 1.90309, 
log 800 = 2.90809, log 8000 = 3.90309. 


The integral part of a logarithm is called the characteristic ; 
the decimal part of the logarithm is called the mantissa. 


I. LAw oF THE CHARACTERISTIC. From the above exam- 
ple, it is seen that log 8 has a characteristic 0, log 80 has 1, 
log 800 has 2, and so on. From this illustration, we see that 
the characteristic of a logarithm of a whole number is one less than 
the number of digits in the number. 


Dividing a number by 10 reduces the characteristic by 1; 
dividing by 100 reduces its characteristic by 2, and so on. 
Hence, for a pure decimal, as .00567, the characteristic is nega- 
tive and equal to the number of places which the first significant 
figure occupies to the right of the decimal point. ‘Thus, 


log 0.00567 = —-3 + .75358, 
log 0.0258 = — 2 + .41162. 


In such cases, the characteristic is negative, while the mantissa 
is positive. The usual notation is to place a negative sign 
(—) over the characteristic, leaving the form for the above 
illustrations thus: 


log 0.00567 = 3.75358, 
log 0.0258 = 2.41162. 


I]. LAw or THE MAntissa. The mantissa is the same for 
any given sequence of digits, whatever may be the position of the 
decimal point. 

For example, log 4896 = 3.68984, log 48.96 = 1.68984, 
log 4.896 = 0.68984, log 0.04896 = 2.68984. 

Logarithmic tables as usually constructed show only the 


mantissa. The characteristic is to be supplied according to 
Rule I. 
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45. Use of Tables. Tabulation of Logarithmic Work. (1) To 
Jind the logarithm of a number. Let us find the logarithm of a 
number of five figures. 


Take for example log 58,769. 

(a) The characteristic is 4. 

(6) Look in column marked N, of the Tables, for the first three digits 
587; follow the horizontal row opposite 587 to the right to column 6 at top, 
and we find the mantissa .76908. 

(c) The correction for the last figure 9 is approximately .9 of the differ- 
ence between the mantissa for 5876 and that for 5877, i.e. .9 x 8 = 7.2. 
Hence, add 7 to the last figure of the mantissa already found. 


log 58769 = 4.76915. 
(d) In the margin, the tabular differences between any two successive 
mantissas are indicated; on this page these differences are 7 and 8. The 


corrections for 1, 2, 3, ---, 9 are indicated in the columns under the 8 and 7, 
respectively. 


(2) To find the number corresponding to a logarithm. A nam- 
ber whose logarithm is given is found by reversing the above 
process. ; 


Required the number corresponding to the logarithm 2.57682. 
log N = 2.57682. 


(a) In the logarithmic tables find the mantissa next smaller than .57682. 
This is .57680, leaving a difference 2. 

(6) The digits in column WN and at top of column in which .57680 is 
found are 3774. 

(c) The difference between .57680 and the next tabular number is 12. 

(d) In proportional parts column, under 12, the nearest number to pro- 
portional part 2 is 2. 

(e) Hence, N = 377.42, the decimal point falling between 7 and 4, since 
the characteristic is 2. 


(3) To find the logarithm of trigonometric functions. 


(1) To illustrate, let us find the log sin 37° 48’ 15”. 

(a) Sines and cosines are less than unity; hence, the characteristic in 
each case is negative. To avoid negative characteristics in the tables, 10 is 
added and subtracted. 

(b) log sin 37° 48’ = 9.78739 —10. Correction for 15” =4. Hence, 

log sin 37° 48/ 15” = 9.78743 — 10. 

(c) The tabular difference is found in column marked d, and proportional 
corrections for 6”, 7”, 8”, 9”, 10”, 20”, 30’, 40’, 50” are indicated in the 
margin under proportional parts. 

B 
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(2) Find log cos 49° 21’ 30”. 
(a) The log cos 49° 21’ is found by looking at bottom of page 69, reading 
up the column marked log cos and taking the minutes, 21’, from the column 


to right of the page. 
: log cos 49° 21’ = 9.81387 — 10. 


(b) Since the cosine decreases as the angle increases, the correction for 
30’ must be subtracted. 

Correction 30” = 7.5 (count as 8); see Prop. Pts. under 15. 

(c) Hence, log cos 49° 21’ 30” = 9.81379 — 10. 

The use of the tables in finding logarithms of tangents and 
cotangents is similar to that explained for sines and cosines. 


TABULATION OF WORK 


In the work of computation by means of logarithms it is 
very important that the computor should economize in both 
time and labor. To accomplish this purpose the beginner 
should (1) make himself familiar with the mechanical con- 
struction of the logarithmic tables, especially the devices of 
marginal corrections, and (2) he should adopt and systemati- 
cally carry out some convenient plan of tabulation of his work. 

A plan of tabulation is suggested in the following examples. 


EXAMPLES. 1. Find by means of logarithms the value of 
We eae where wi 26 $98.6 Giese aan 
and « = 65°. 

Let the numerator be called WV, the denominator D. Then 
we may tabulate as follows: 


puatxbxtana_ WN 


exd D 
Data and Results Logarithms 
a| 25 log a | 1.39794 
b| 78.6 log 6 | 1.89542 }add 
a| 65° log tan @ | 0.383133 
¢e | 658.4 log WV | 3.62469 = 
d| 4.75 ' log ¢ | 2.81849 S 
P| 1.3474 lod 0.67669 f°" | = 
log D| 3.49518 =| & 


log # | 0.12951 


q 


. 
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= Find P= gein sy where a=4694.5, = 37.6, a= 67° 20! 15" 
and B= 70° 41! 10". 


Data and Results Logarithms 
4694.5 3.67154 


log a 


a 
a | 67° 20’ 15” 5 correction 
b | 37.6 log sine} 9.96509—10 
B | 70° 41’ 10” 1 correction 
F | 40.377 log asin « | 13.63669 — 10 
log 6} 1.57519 
log tanB| 0.45529 
6.7 correction 
log 6 tan 8| 2.03055 
log F| 1.60614 


46. Conversion of Common to Napierian Logarithms. Loga- 
rithms of one system may easily bé converted into logarithms 
of another system. Let us consider the systems to base 10 
and e. Let 

. 10¥= N, then y=log,, WV. 


Take logarithm to base e of both members of 10” = NV. 
y log, 10 = log, N, 


or log,, WV - loge 10 = log, N. 
Now, log, 10 = 2.302585; hence, 
(1) log. N = 2.802585 x log,, N, 
. 1 ¥ 
(2) log, 3 2.302685 x log. N= 0.484294 x log. Nd 


EXERCISES IN USE OF LOGARITHMS 


By means of logarithms find the value of each of the fol- 


lowing : 
Ho Ow 8.54 x 9.6752 Ans. 91.896. 
8.269 
a, Qa (104.6)# x 0.2536, Ans. 0.49319. 


(5.87)3 
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mee ye (1848)! x 10-* hea tae 
0.7854 
Oy esate Ans. 1288.9. 
cos 10° 21’ 
-- A=82.6 x 5.87 x sin 56° 24! 15". Ans. 159.396. 
6 A=awr, r~=3.1416, r=3.6. Ans. 40.715. 


7. The area of a triangle is given by A=} ab sin C, where 
1, 6 are sides and @ is the included angle. Find A, when 


a=46.7, 6=6.91, C = 38° 24/10”. Ans. 100.23. 
8. The volume of a sphere is given by V =47r°; find V 
when 7=3.1416, r= 8.65 cm. Ans. 2711.1 cu. cm. 


9. Mass= volume x density. Find the radius of a sphere 

if its mass be 4.38 x 10° grams and its density 2.3. 
Ans. 35.69 cm. 
10. The area of a segment of a circle is given by 
S=17°(@—sin @), where the radius is r, and @ is the angle 
subtended by the segment at the centre of the circle. Find 8, 
when r = 4.6 ft., @= 126° 30’. Ans. 14.85 sq. ft. 
11. The volume ofa right circular cone is given by V=4 7 RPA, 
where # is the radius of the base and A is the altitude. Find 

V, when R=1.5876m., and A= 7.675 m. 

Ans. 20.257 cu. m. 


12. If the volume of a cone V = 987.6 cu. em., and its height 
h= 9.416 em., find the radius of the base. Ans. 10 cm. 


13. The time of vibration of a pendulum is given by t= 7 Le 
g 


where 7= length of the pendulum, g = the acceleration. Find 
the length 7 of a pendulum vibrating seconds if g = 980.19 em. 
Ans. 99.314 cm. 

14. What value must g have in order that a pendulum 1 m. 
long shall vibrate seconds? Ans. 986.96 cm. 


15. Find the length of a pendulum 7 which makes 80 vibra- 
tions per minute; g= 32.16 ft. Ans. 1.8329 ft. 
16. Find the time of vibration of a pendulum if 7= 8.04 ft., 
g = 32.16 ft. Ans. 1.57 sec. 


CHAPTER VII 


SOLUTIONS OF TRIANGLES IN GENERAL 


We shall now develop a number of theorems which are used 
in the solution of any plane triangle. The demonstrations of 
these theorems should be thoroughly mastered. 


B 


47. The Theorem of Sines. 
(1) First demonstration. 


Uniform lettering of 
a triangle as indicated 
in the drawings will be 
found convenient. Let 
the angles be indicated 
by capitals A, B, C, 
and let the sides oppo- 
site be called a, 4, e, Z 
respectively. Draw a perpendicular p from the vertex upon the 


B 


a ey 


D C x 
Fig. 35. 


opposite side 6, Fig. 84, or b produced, Fig. 35. Then, from 
the right triangles AXB and CXB, we have 


z P 


£, sinC=+- 
e a 


69 


sin A = 
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Dividing sin A by sin C, 
sinA_a (1) 
ce 


sin@ e 


In Fig. 35, we have 
sin (180° — C)=sin C= 


. 


als 


Drawing a perpendicular from angle A to side a, we would 
have, similarly, 


sinB 6b 

a a II 

sin Ce eae 
Dividing (1) by GD, 

sin A ey ase5) 

sn B 6 


These results may be written in the symmetrical form 


sind _sinB_ sinc, 
a b ec 


THEOREM. Jn any triangle the sines of the angles are propor- 
3 tional to the opposite 
sides. 


(2) Second demon- 
stration. The theorem 
of sines may also be 
proved by circumscrib- 
ing a circle about the 
given triangle, Fig. 36. 
Draw the diameter AD 
=2 R,and the line BD 
forming the right tri-_ 
angle ABD. Then, the 
angle ADB= angle C. 


sin ADB =sin' 0 = "3. 


Similarly, sin d= -* | sin B= ee 
2R 22 
Hence, sind _sinB_sinC_ 1 
a b e¢ &R° 


where & is the radius of the circumscribing circle. 
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It should be observed that the theorem of sines may be em- 
ployed in the solution of a triangle when two angles and a side 
are given, or when two sides and an angle opposite one of them 
are given. 


APPLICATIONS OF THEOREM OF SINES 
Case I. Given a side and two angles. 


EXAMPLE. Given a = 148.3, A = 37° 24’, C= 76° 48! 30", to 
find 6 and e. 


Solution. (1) Since 
A+B+C=180°, 
B= 180° —(A+C) 
= 65° 47/30". 
(2) Make an approximate con- 
struction of the triangle. (3) 
Select formulas, and tabulate the 


calculations. 
_axsinB 
~ sin A 
ax sin C 
a oe a Fig. 37. 
Data and Results ' Logarithms 
Given a! 148.3 log a 2.17114 
A | 37° 24! log sin A 9.78346 
C | 76° 48! 30” log( — ) 2.38768 
B | 65° 47! 30” sin A 
“b | 222.695 logsinB | 9.96003 
c | 237.72 logsin C__| 9.98839 
log 6 2.34771 
log ¢ 2.37607 


CasEII. Given two sides and an angle opposite one of the 
given sides. This problem may have (1) one solution, (2) two 


B 
B 1 
c a . a 
A : > GA 
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solutions, (3) or no solution. If the dimensions given be a, e, 
and A, where A is acute, one solution will result if a >e, or if 
esin A =a, Fig. (1), (2); two solutions (triangles ABC, ABC’) 
will occur when a<e and a>esin A, Fig.(3). Ifa<esin A, 
no solution will exist, Fig. (4). If A be obtuse, one solution will 
exist provided a>e, otherwise the construction is impossible. 


EXAMPLE. Given a = 556, 6 = 678.4, A = 31°10! 30", to 
find B, C, e. 


In this example the angle A is acute and the side a< , hence 


Fig. 39 


two solutions will be found. In one solution the angle B, will 
be acute, in the other solution B, = 180° — B,. 


Solution. (1) Make an approximate construction of the data. 


(2) Formulas and tabulation of the calculations. 


sin B= 2X 8in A C = 180° —(4 + B), ena xXsinC, 
a 


sin A 
Data and Results Logarithms 
Given a| 556 log a 2.74507 
b| 678.4 log sin A | 9.71404 
_A} 31° 10/30" log b 2.83149 
B, | 39° 10! 12" log sin-B | 9.80046 
Bag | 140° 49! 43" log sin C; | 9.97393 
C, | 109° 39! 18?" log sin C, | 9.14829 
C,| 7° 59! 42” log c, 3.00496 
ce, | 1011.5 log c, 2.17432 
cy | 149.39 


§$ 47-48] SOLUTIONS OF TRIANGLES IN GENERAL 73 


EXERCISES 
Given a = 140.6, A = 48° 30' 10", B= 76° 24'; find b, e. 
Given 6 = 8875.4, A = 97° 24’, B= 40° 27! 15"; find a, ¢. 
Given a= 148.6, 6 = 121.78, A = 69° 20' 10”; find B, Qe. 
Given a = 2311, b= 1600.7, B= 34° 42! 29"; find A, Oe. 
Given a= 1906, 6 = 224.8, A = 61° 24/18"; find B, Ce. 
Given 6 = 1009, e= 796.4, C= 85°; find B, A, a. 
Given A = 67° 54’, B = 84° 52', 6 = 4356.7; find a, e. 


49° 2 oe eer 


48. The Theorem of Tangents. From the theorem of sines 
sin A_sinB_sin@_ 1 


a b ¢ 2 


we have a= 2 Rsin A, =2 Rsin B. 


Adding and subtracting, and reducing by § 38, 
A+B A-B 


C1) a+6=2 RGinA +sin B)=4 R sin Rear va 
(2) a—b=2 R(sin A—sin B)=4R cos Ht 5 sin A=. 
Dividing (1) by (2), 
+B 
at+d_ tan 9 
a—b', A-B 
a 2 
We may derive in a similar manner, or write by symmetry, 
Bic C+A 
aE a 3 Py ee geo ° 
b—c tan B—C’ C—@ 4,,0-4 
2 2 


THEOREM. In any triangle the sum of two sides is to their 
difference as the tangent of the half sum of the opposite angles is 
to the tangent of their half difference. 


The theorem of tangents may be used in the solution of a tri- 
angle when two sides and their included angle are given. For 
example, let a, b, C, be given. Then we know 


A+B+C=180°. 


AEB 18P—O 2 os 2. 
2 2 
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Hence, tan4 - B_ 0 S, 
and the first formula above becomes 
CG 
snd 
a+b _ Es Z 
ee ap P Ee is 
tan 
2 
‘ A—B 
This formula enables us to find the unknown tan , and 
then the angle ms The angle ace being known, we 


find at once the values of A and B: 
A=}(A+ B)+4(A—-B), B=1(A4+ B)—4(A- B). 
The application of the theorem of sines now determines side ec. 


APPLICATIONS OF THEOREM OF TANGENTS 


EXAMPLE. 
Given = 1436.7, 
e= 1141.2, 
A =42° 14! 35"; 
find Bt a 


Solution. (1) Make an approxi- 
mate construction. 
b= 14367 Cc (2) Select formulas and tabulate 
Fig. 40. the calculations. 


tan 3 5 Aces C)= Pa tan (B+ C), B+ C=180°- A, _6ox sind. 


sin B 
Data and Results Logarithms 
Given b| 1436.7 log (b — c) 2.47056 
2 raat ssf log tan 2 + ©) 0.41308 
b—c| 295.5 log (6 + c) 3.41126 
b + ¢|2577. Re: 
B ) a ol 7 9 log tan B : (e 9.47238 
+ |68° 52’ 49” : 
2 logb 3.15737 
Be 16° 31! 40" log sin A 9.82755 
2 log sin B 9.99860 
B) 85° 24! 29/ loga 2.98632 
C'| 52° 21 2” 


a| 969.0 
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EXERCISES 
Solve for the unknown parts of the following triangles : 
1. a= 281, c= 153, B= 34° 42! 29", 


2. b= 296, e= 178, A = 78° 21’ 40". 
3. b= 199.37, c= 642.75, A = 130° 9 24". 
4. a=101.47, 6 = 9936.7, C= 47° 48! 12". 
5. b= 1134.7, ¢ = 2277.9, A= 19° 34! 24", 
6. a= 1434.2, b = 9767.2, (= 109° 19’ 36", 
7. b=.588, e= 1.245, A = 62° 14! 40". 
8. b= 234.7, e= 185.4, A = 84° 36/. 
9. a= 1896.9, b= 3463.7, C=124° 10’. 

10. c= 9.876, a= 4.921, B= 76° 20.4’. 


49. The Theorem of Cosines. (1) First derivation. 


Draw the perpendicular p from B to 6, Fig 41. Then, from 
the right triangle BXC we have 


a? = p?+ OX" =p? +(b— AX)? =p? + + AX?—25- AX. 


But we have from B 
the right triangle 
AXB 
P + Ax = ¢, c a 
and 
AX =cxcos A. 
Making these 
substitutions, we A ; x c 
find Fig. 41. 
a? = 6? + c?— 2 bc cos A, 
and by symmetry, 
6? =c?+ a—2 ca cos B, 


e=a+b?-2 abeos C. 


If the point X should fall upon the base produced, it may 
readily be shown that the above results still hold. 
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TurorEeM. In any triangle the square of any side equals the 
sum of the squares of the other two sides diminished by twice their 
product into the cosine of their included angle. 


B 


\ 


\ 
We-- He 


De freee ne nnmnnmns 


, 
4 
\ 


(2) Second derivation. 
From Fig. 42, we have 


AX=ecxcos A, CX=ax cos G, 


and therefore, 


b=e xcosA+a x cos C. (— 6) 
Similarly, 

e=ax cos B+ b x cos A, (—e) 

a=6xcos C+ ex cos B. (a) 


Multiply these equations, as indicated, by (— 6), (— ), (@), 
respectively, and add, giving 


a? — 0? — ce? = — 2 be x cos A, 


or a? = 6? + ce? — 2 be x cos A. 


By similar manipulation, the other formulas may be de- 
rived. 

The theorem of cosines is not adapted to logarithmic calcula- 
tion. When two sides and the included angle are given, this 
theorem gives the third side. When the given sides are 
simple numbers such that their squares may readily be known, 
the application of the cosine formula is to be advised. Other- 
wise, the theorem of tangents should be employed. 
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EXERCISES 


Calculate from cosine theorem the following without using 
logarithms : 


1. 6=12, c=15, A=465° 34'; find a. 
e=10, a= 20, B= 87° 20’; find b. 
a=5,b=T,c=9; find A. 

a= 25, b= 40, c= 60; find C. 

- A=140°, 6=100, e= 300; find a. 
a= 150, b=180, C= 97°; find e. 


. Find the perimeter of a triangle where a= 200 ft., 
b=300 ft., C= 37° 40’. 


8. Find the area of a square whose perimeter is the same as 
the triangle, where a= 40, b= 60, C= 68° 10’. 


19 9 * ON 


50. The Half-angle Theorems. From the formula 
a= + ?—2be x cos A (1) 


we may derive results suitable for logarithmic calculation of 
the angle A when the three sides, a,.6, c, are given. 
Adding, and subtracting 2c, we find 


@=4+2be+ 2%—2be—2be x cosA 
=(b +c)? —2be(1 + cos A) 


=(b +0)? — 2be( 2eost 4). § 387 
Solving for cost, and factoring the right-hand member, 
A (b+e¢+a)(b+e—a) 
0 otasie ty NOE E In A eRL R Eal FA 
at 2 4 be 

Now, let a+b+c=28, 
then, b+ce—a=28s—2a; 
substitute and extract the square root, 


A_ .(8(8—@), 
ick ai he 
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Again, taking (1), subtracting and adding 2 be, 
oe = b2—2be+ 2+ 2be— 2be x cosA 
= (b—¢)? + 2be(1 — cos A)=(b—e)? +2 be(2 sin), § 37 


and solving for “ 


sine 4 (bay > (a+b—ec)(a—bte). 


4 be 4 be 
Now, take a+b+c=2s, 
then, a—b+c=2s8s—2), 


a+b—ce=28s—2e; 


substitute and extract the square root, 


fem ee (s—6)(s—e). 
2 be 


Dividing sind by cos = we find 
tan 4 —,/G—D@—4), 
2 8(s — a) 
The form of this radical may be changed so as to make it sym- 
metrical in a, 6, ¢. 


A ae SPY FI $1 Re 
tan = oer 2 COT Loy a)(s (s—e). 


s(s — a) $—a 8 


Cc 


The radical here employed will be the same for tan 2, tan oe 


If we set A1Ge Ue ee ey 


§ 


A r B r 
tan — = , tan=~= : 
a eae ae 2 s—b 
Then, we have as results the following half-angle formulas. 


(1) The sines of the half-angles of a triangle. 
ng =yG= ese) NSS er 


eB ias ee 
ain 5 =N 3 


ca 


nl = ob 
n€ == OG =) ays Ne. 
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_ (2) The cosines of the half-angles of a triangle. 


(3) The tangents of the half-angles of a triangle. 
A_ 1 __|(s—a)(s—b)(s—c)_ 
So \ C=, 


s s-—a 


— 


tanB -_1_,[(s “a)(s— bee) __r 
2 s—6b 8 


Pee 


tae 1 (s—a)(s—b)(s—c)_ r . 
2 s-e s s—c 


In calculating the angles of a triangle, the tangents of the 
half-angles should be used, as the complete calculation of A, B, 
C may be performed by taking only four logarithms from the 
tables, viz. log s, log (s — a), log (s — 6), log(s —e). 


APPLICATION OF THE HALF-ANGLE THEOREMS 
EXAMPLE. Given a= 65.43, 6 = 58.26, e= 49.35; find A, 
i O. - 


b 
Fig. 43. 


Solution. (1) An approximate construction with the given data will 
show angle A>B>C. (2) Select formulas and tabulate the calculations: 


A_, tnB-_t., tama, ray @=9C=DE- 9, 
$ 


tan —= tan — = a = 
a rs > ae ee he Din 2G exe 
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Data and Results Logarithms 
Given a| 69.43 log(s — a)| 1.32408 
b| 58.26 log(s — b)| 1.45117 
ec} 49.35 log(s — ¢)| 1.57019 
2 s| 173.04 log s 1.93712 
s| 86.52 log r? 2.40832 
s—a} 21.09 log r 1.20416 
s—b| 28.26 A 
¢— el 87.17 log tan = | 9.88008 
A 
ry Bye da ied ie log tan 9.75299 
B ‘ ' 
9 [29° 81’ 10” log tan S 9.63397 
S 7s a We 3 
Zue : As a check, 
A|74° 22' 36” 2 
Bl 59° 2/ 20” A+B4+C= 1%. 
C'}46° 35! 2” 


EXERCISES 
’ Find the angles in each of the following triangles : 
1.. a = 98.76,. 6= 104.97, e¢= 140.76. 
2. a = 57,896, 6= 49,784, ¢ = 35,891. 
3. a= 5.169, 6=2-31G4, o= 11,615. 


4. a=0.0587, 6 = 0.09765, ¢ = 0.1067. 
5. a= 94.28, 6=112.68, ¢=180.47. 


AREAS OF TRIANGLES 


Many expressions may be obtained for the area of a triangle. 
Some of these will be enumerated. 


51. Area in Terms of Sides and Angles. Let the area be 
denoted by , and let the triangle be lettered as shown in the 
B drawing. Then, from 

plane geometry, 


(1) K=}bxh. 


Making use of trigo- 
nometric relations 


h=esin A, 
Fig. 44. (2) K=} besin A. 
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THEOREM. The area of any triangle equals one half the prod- 
uct of two sides by the sine of the included angle. 


RE WRIE 5 ; 
(3) Kk= Gain ih X Ce sin A) § 47 
i @sinAxsinB 
2 sin C 
Since sin A = 2 sin A cos A § 387 
2 2 
- A ./(s—6b)(s—e) A. |e(e—a) 
we may express A directly in terms of the three sides. 
(4) K=5besin A =be sin 4 cos 


on (s—b)(s—e) 8(s— a) 
=eeN ¥ xy be 


=Vs(s—a)(s—b)(s—e), 
where 2s=atbt+e. 


52. Area in Terms of r. The area of a triangle may. be 
B 


ap 


a EN 


Fig. 45. 


expressed in terms of the radius of the inscribed circle. Let 
a circle be inscribed in the triangle ABC. See Fig. 45. 


Then, AAOC=}odr, 
A BOA= fer, 
A COB= har. 


Adding, we have AABC= K=}(a+6+e)r=sr, 
s=4(a+6+¢). 


G 
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53. Expressions for the Area of a Triangle. 


‘ . 1 “ 
1. K =} be x sin A =} cax sin B = 4 ab x sin C. 


1 
2 


2. K= 


c? sin A sin B 


sin C 


3. K=Vs(s—a)(s— 6)(s—c), 28=a+0+¢e. 


4. K=sxvr, r=radius of inscribed circle. 


Solve the following triangles for the unknown parts: 


iG 


o 9 3H oF wD 


a) 
° 


11. 
12. 
13. 
14. 
15. 


EXERCISES 


a=17950, A= 79°59’, B= 44°41’, 
a= 80.86, A=19° 29’, B=33°1'. 


. a= 62.65, b= 89.81, C= 50° 5S’. 


a=2071, 6=1887, C= 55° 12! 3". 

a =9.2034, 6=0.1128, C=72° 15 19". 
a= 48.5, b=34, B= ak: 

a= 838.56, 6= 841.53, B=68°10! 24”. 
a=49, b=45, B=17° 41' 9". 

b= 117.4, c= 7126.3, B=80? 10". 


. ¢== 1047.51, a= 948.21, A= Go-17* 1s". 


oad, bate 
a= 841, 6=260, = 158. 

a=40, b=50, e=60. 

a = 0.654, 6= 1.5876, ¢= 0.998. 
a= 998.46, '= 1004.5, c= 1268.7. 


Find the area X in the following triangles: 


16. 
Lv? 
18. 
LS: 
20. 


b= 96, e=108, A= 65° 10’. 

a= 480.6, b= 3896.4, O=110° 20!. 
6=494, A=114°, C= 386°. 

e= 493, a=540, A=76° 40’ 10". 
a=58, 6=65, c= 87. 


[§ 53 


ee 
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21. a= 3875.4, 6= 460.24, ¢ = 584.36. 
22. a= 46.2, 6=65.8, s= 75. 

23. 6= 1387.6, ¢e-=184.5, A=110° 24’. 
24. @= 149.24, A= 65° 20', B= 87° 28’. 

25. To find the distance from a point A to S, a base line 
AB = 250 ft., and the angles SAB = 65° 10’, SBA = 48° 20! are 
measured. Find AS and the shortest distance A from S§ to the 
line AB. Ans. AS = 203.65 ft.; h = 184.82 ft. 

26. A is a point 3 mi. due north of B; from Aa point P 
bears N. 68° 40’ E., and from B it bears N. 35°50’ E. Find 
AP, and the area of the triangle APB in square miles. 

Ans. 3.239 mi.; 4.5268 sq. mi. 

27. Find the sides of a parallelogram, when a diagonal 
14.69 ft. long makes angles of 35° 48’, 64° 27’ with the sides: 

Ans. 8.732 ft.; 13.468 ft. 

28. A boat is steaming N.E. ata rate of 15 mi. per hour. 
At 10 o’clock a lighthouse bears N. 10° W.; at 12 o’clock it 
bears W. 31° S. Find the distance of the boat from the 
lighthouse at 10 o’clock. Ans. 7.774 mi. 

29. The line AB=1460 ft. upon shore subtends 64° 20! at 
a lighthouse which is 985 ft from A. Find the distance of the 
lighthouse from B. Ans. 1585.7 ft. 

30. A side and diagonal of a parallelogram are 690 ft. and 
1248 ft. respectively. If the angle between the diagonals 
opposite the given side is 124° 10’, what is the length of the 
other diagonal ? Ans. 214.635 ft. 


31. To measure across a barrier from A to Ba station C is 


. taken, and the distances C/A, CB, and the angle ACB are 


found to be 584.6 ft., 796.5 ft., and 87° 40’, respectively. 
Find the distance AB. Ans. 968.64 ft. 

32. Find the length of a straight wall which subtends an 
angle of 110° 45! at a point P, the distances of P being 487.5 
ft. and 746.4 ft. from the ends of the wall. Ans. 1025.94 ft. 

33. To measure an inaccessible distance XY a base line 
AB = 550 ft. is laid off and the angles ABY = 75° 48’, ABX 
= 48° 25), BAY =58° 20’, BAX=98° 24! are determined. 
Find the length XY. Ans. 512.05 ft. 
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34. If the sides of a triangle are to each other as 5:7: 9, 
how do the angles compare? 

35. The sides of a triangle are 15, 18, 21. Find the length 
of the perpendicular from the smallest angle upon the opposite 


side. Ans. 17.636. 
36. Find the area of the circle circumscribing the triangle 
whose sides are 10, 20, 25. Ans. 544. 


37. From the ridge of a mountain range the depression 
angles of the sides are 55° 40’, 68° 20’ respectively, and the 
corresponding distances from the ridge to the ends of a tunnel 
below are 3475 ft. and 2896 ft. Find the length of the tunnel 
through the mountain. Ans. 3034.4 ft. 


38. Show that the median drawn to side a of the triangle 
whose sides are a, 6, ¢ is given by m= Vie +¢)—1a. 


39. A grass plot in the form of a triangle has its sides 
48.5 ft., 65.4 ft., 84.2 ft., respectively. Find the radius and 
area of the largest circular bed that can be made in the plot. 

Ans. 15.969 ft.; 801.12 sq. ft. 

40. The sides of a triangle are AB= 24.5 ft., BC=30 ft., 
CA = 36.5 ft. If A, B, C be located upon level ground and 
vertical posts be erected to heights AP, = 12 ft., BP, =18 ft., 
OP, =12 ft., what is the area of the triangle P, P,P, formed 
by the tops of the posts? Ans. 381.15 sq. ft. 

41. A triangle 5=50 ft.. A=65° 24’, OC=T76° 28’, rests 
with its base 6 on a horizontal plane, the plane of the triangle 
being inclined to the horizontal at an angle 48° 49’. Find the 
orthogonal projection of the triangle upon the horizontal. 

Ans. 1178.3 sq. ft. 

42. A parallelogram, whose sides-are 48 ft., 27 ft., and in- 
cluded angle 58° 48’, rests with its longer side upon a hori- 
zontal plane and its own plane inclined to the horizontal at an 
angle 65° 50’, Find its area, and the area of its orthogonal 
projection upon the horizontal. 

Ans. 1108.5 sq. ft.; 453.8 sq. ft. 

43. From the top of a lighthouse 160 ft. high, the depres- 
sion angle of a ship at A is 15° 48’, one hour later its depres- 
sion angle at a point B is 10° 25’, and the horizontal angle 
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subtended at the lighthouse by AB is 100° 48’. Find the 
speed of the ship. Ans. 1123.2 ft. per hour. 


44. To find the height 4 of a steeple above the plane 
through its base C,a line AB = 237.5 ft. is measured and the 
angles CAB= 40° 10’ 15'’", CBA=110° 20’ 10’ determined ; 
the angle subtended by the steeple at B is 27° 18’. Find the 
height of the steeple. Ans. h=160.61 ft. 


45. In Ex. 44 let AB=a, Z CAB=a, Z CBA=8, and the 
elevation angle of the steeple from B be y. Show that 


asin @ _ asine 


en ag egeenaceccmeaay 4 and h= 7 
sin(@+ 8) sin(« + 8) 


46. At a horizontal distance a from a tower, the angle of 
elevation of the top of the tower is found to be a, the angle 
of depression of its base is found to be B. Show that the 
height of the tower is given by 


x tan y. 


h=a(tana + tan 8) =a SUS* TP) ere, 
cos a cos B 
47. At a certain point in a horizontal plane the angle of 
elevation of a peak is «, a feet farther away and in the same 
vertical plane the elevation angle is 8. Show that the dis- 
tance from the first point of observation to the foot of the per- 
pendicular dropped from the peak to the plane is 


atanB  _acosasinB 


~ tana—tanf — sin(a— 8) : 
and that the height of the peak is given by h=d x tan a. 


4s. A tower 148 ft. high stands upon the top of a hill; 
from a point 1100 ft. down the hill the tower subtends an 
angle of 6° 48’ 12’. Find the angle of inclination of the hill. 
Ans. 21° 29! 57". 

49. Two triangles are determined by a=120, 6=160, 
A=35° 10’. Find the difference of their areas without solv- 


ing for the area of either of the given triangles. 
Ans. 7083. 


50. A ladder 40 ft. long is set with one end at a point 16 ft. 
from the base of a buttress, the other end reaches a point 
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35 ft. up its face. Find the angle of inclination of the 
face of the buttress from the vertical. Ans. 8° 12! 44". 


51. Find the length of a window, if a pole resting upon the 
ground and making an angle of 64° 28’ with the horizontal 
just reaches the top of the window, and when its base is moved 
20 ft. farther away, making an elevation angle of 39° 40’, its 
top reaches the window sill. Ans. 15.58 ft. 

52. If the angle of elevation of a balloon from.a point A 


due north is «, and at the same instant its angle of elevation 
from a point B due east of A is #, find the height A of the 


balloon if AB =a. Ans. h= a sin « sin 8 = 
Vsin («+ 8) sin(«— B) 


CHAPTER VIII 
INVERSE FUNCTIONS. TRIGONOMETRIC EQUATIONS 


54. Inverse Notation. From Fig. 46 a, Z POX = 4, 
sing=m, cosP=V1—m, tand=——L_. 
V1—m? 
These equations may be expressed inversely, i.e. solved for $, thus: 
m 


V1— m2 
m 


= sin! m = cos! V1— m? = tan-! ——~__.. 


¢$ = are sin m= are cos V1 — m?= are tan 


V1 — ne 


Fig. 46 a. Fig. 46 b. 
From Fig. 46 6, with Z POX = », we have 
‘ t 1 ul 
tan 5 sin yr = ———., cos + = —_—_., cot p=-, 
¢ V14+0 V14+# t 
: t 1 1 
or wW=are tant = arc sin ——— = arc cos ———— = arc cot — 
V1+? V1+#@ t 
. a t ~] | 1 
= tan-! ¢ = sin-! ——— = cos~! ——— = cot!-.- 
14+2 V1+? t 


The symbols sin-! m, cos-!-V1 — m?, etc., are sometimes called 
anti-sine, anti-cosine, etc., but a better reading is to call these 


are sin m, are cosine V1 — m?, ete. 
From the above drawings it is to be noted that each inverse 


function has two initial or primary values. Thus 
sin@=m, or ¢=arc sin m 
87 
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is satisfied by the angle ¢ or 7 -¢=¢'. The equation 
tan y=¢, or a = arc tan ¢, 


is satisfied by the angle y or r+ P=Yy'. 

In addition to the primary solutions, any number of solutions 
to a trigonometric equation may be obtained by adding any 
integral multiple of 2 7 = 360°. 


EXAMPLES. 1. sinz= }. 


Solution. x = are sin} = 30°, 150°, primary solutions, 
x=2nr+ a 24+ 3 a, multiple solutions, 
where n = any integer. 


2. cosa=4v72. 
Solution. a = cos“ V2 = 45°, — 45°, 
a=2n0 +7, 2nn—F, n = any integer. 
3. tand=v3. 
Solution. ¢ = tan-! V3 = 60°, 240°. 


g=nrt+ = n = any integer. 


55. Inverse Identities. A number of important inverse iden- 
tities will be introduced. 


I. sina + sin—y = sin (avV1 — y?4+ yvi1 — 2). 

This identity may be established as follows: (1) construct 
an angle ¢ whose sine is 2, also an angle > whose sine is y. 
(2) The left member of the identity is@¢+~. Take 

sin(¢+7)=sin ¢ cos ¥ + cos dG sin YP 
=xV1l—#+yvVv1—2%. 


Hence, 
d+y=sin-e+sin-1y=sin!(@V1—y¥+yv1—2°). 
In a similar manner 
sin"! ¢— sin“! y = sin“! (2 V1 — 2 — yV1 — 22). 
II. cosa + cos-ly = cos! (wy F V(1 — x) (1 — y®)). 


This identity may be established by constructing two angles, 
$= cos“! 2, yy =cos"! y, taking the cosine of the sum and differ- 
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ence, substituting as above, and then passing to inverse no- 
tation. 
Prove the following: 
Ill. tee ~ley — tan—-)(-2t¥ \. 
n-a + tan-!y = tan Cero 
IV. sina =} sin (2 av1 — a) = — sin (— @). 


V. cos-ta =} cos (2a? — 1). . 


EXERCISES 


Construct the acute angles indicated in the inverse notation, 
and find values of the following : 


1. cos(sin7}). 
Sueeestion. Construct ¢ = sin—1(}), then cos ¢ = 1 V3. 
2. tan(sin 3). 9. cos (90° — cosa). 


3. tan(are cot4,¢). - 
¢ 8) 10. sin(tan-!-V3) — cos 2. 
( soWs 6 

4. cot| arc sin — }- 

2 11. sin(2cot-1v3). 

sin (are tan 1). 12. cos(3sin-1}). 


cos (are cot 0). ‘- 
13. tan (90° — sec"! V2), 


tan (are cot 1). 
sin (90° — sin7!1). 14. cos(90° —sin-14$). 


gaa o 


Verify the following: 


15. sin + cos!}= 90°. 
16. arctanl-+arccos a = 90°. 
v2 


17. arcsin1—arctan1 = 45°. 
18. arccos 1 -+arc tan o — are cot 1 = 45°, 


19. arc vers 1— arcsec V2 = 45°. 
20. sin(90°— tan-! V3) + tan(90° — sec“! V2) = 8. 


21. arcsin ; + are cos 5 = “ 23. arctan ; + arc tan? = = 
: Tv ; ae ie Ga 
22. arcsinz+ arc cosz= 2 24. sin (2 are sin 5) = 5 V3. 
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25. arc tan + are tans =arctanl= a 


-_ 


2 Se 
”_ — 2arctanz=arc sin : 
d eer 1+7 


27. sine == — costa= Feost(1—2 ro 


= 


26. arctan 


S 7 ear ae es, 
28. cos = ee ly =2tan wigs. 
29. sin l(32—42°)=3sin!z. 
30. cos 1(4z3—32x)=3 cos! z. 
31; tan'(32— 3 = 3tan-lyz. 
32 tan-( ) t n1Ztt_ tan4(,) 
es xz 2 
33. 2sin-lz Z sect mer ey 
| eee 
Se ae a vite vi-# — — 2 costa? = tsin- 172. 
Vi-¢24Vi_-2 4 2 > 


TRIGONOMETRIC EQUATIONS 


56. Definitions. An equation containing one or more trigo- 
nometric functions of an unknown angle is called a trigonometric 
equation. Thus, 

(a) sinz=4, 

(6) tanez+sing =5, (d | sinz+cosy=} 

(ce) sine +cos= = 0, See Sse 
are trigonometric equations. Equations (d) above are simultane- 
ous trigonometric equations. 

The operations of ordinary .algebra— clearing of fractions, 
transposing, multiplying by constants —are applicable to trigo- 
nometric equations. 

In addition to these operations, the transformations of trigo- 
nometric identities may also be brought into use. For exam- 
ple, the equation 

sin 22 = cosz 


i 


- Northland Collage Library © 

~~. Ashland, Wisconsia. 
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may be changed trigonometrically into 

2 sin x cos 2 = cosa. 
then transpose and factor, 
cos (2 sina —1)=0. 

Equating to zero each factor, 

cost= 0, z= 90°, dr 270°. 
2sinz=1, «= 80°, or 150°. 


57. Solutions. Trigonometric equations differ from algebraic 
equations in one important particular, viz. they have a multi- 
tude of solutions, whereas algebraic equations have a finite nwm- 
ber of solutions. As illustrations notice the following examples. 


(1) sine =4 has x= 30°, 150°, or z= 2nm+—, or 
(2n+ lw (n= 0, £1, £2, ---). 


(2) tanz=~3 has for solutions x= 60°, 240°, or nm + 


when n= any integer. 


We shall enumerate and illustrate some of the more impor- 
tant types of trigonometric equations. 


58. Simple Equations. Under this heading may be included 
any equation which reduces readily to one of the forms: 


(1) sin z = XK, 


(2) cosz= K, 
(3) tenwe K, K = any number. 


where K is not greater numerically than 1. 


EXAMPLES. 1. Solve 4sinxz=csc x for the angle 2. 


Solution. Multiply by sin z, and divide by 4, giving 


sin? = 1, 
or sin z= + }. 
Hence, x = sin-!(+ 4) = 30°, — 30°; 150°, — 150°; 


or, in general notation, 
rennit, n = 0, 1, 2, 3, «++. 
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2. Find x from tan? xz + 4 =2 sec? z. 


Solution. Replace sec? x by 1 + tan* z, transpose, collect, and change signs, 
tan? x = 2, or tan z =+ v2. 


Then 
"gg = tan-1(4. V2) = tan- (4 1.4142) = 54° 44, — (54° 44’), 


or = er +(54° 44"). 


Nors. Take the angle tan-'(V2) from the table of natural functions. 


3. Find 2, when 6 cota +5 =tanz. 
Solution. Multiply by tan 2, transpose, and change signs, 
tan? « — 5 tanz —6=0, 
a quadratic equation with tan z as the variable, which factors into 


(tan x + 1)(tan x — 6)=0, 


giving tanz =—1, 
and tan z= 6. 
Hence, x, = 135°, — 45°, 
or Zo = tan-16 = 80° 32!, 260° 32’. 
The general values of x are 
t= nT ai Le = na + 80° 32’. 
EXERCISES 


Solve the following trigonometric equations, giving only the 
solutions which are between — 180° and + 180°, inclusive. 


1. 38sinaz= 2. Ans. sin-'2?= 41° 48’ 35”, or 138° 11! 25". 


2. sin2z2—cosx=0. [sin22=2sinz cos x. | 
Ans. + 90°, 30°, 150°. 


3. cos2¢+sinz=1. Ans. 0, = 2 TT. 
4. cos2xea=sin2. Ans. 30°, — 90°, 150°. 
5. tan2¢+2sinz=0. Ans. 0, + 60°, 180°. 


6. cos8a2—sin2xz=9. 


Suacestion. Change cos 3x to 4cos*x — 3 cosa, sin 2x = 2sin x cosz, 


giving 4cos’* —38cosx=2sinzcosz; factor and solve. Or, cos3z= 
sin(3 # + 90°); then 


cos3 z— sin 2x = sin(3 x + 90°)— sin2z 
5 


= 2 cos( 2 a+ 45°) : sin(3 + 45°) = 0. 
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5 iw 
Hence, cos (32 + 45°) = 0; and sin(2 + 45°) =; 
giving 22 + 45° = 90°, 270°, 450°, 
x 
and = + 45° = 0°, 180°. 
Then, ax = 18°, 90°, 162°, 
and x =— 90° 


7. cosdsa2+sin2x2—cosr=0. Ans. 0°,30°, 90°, 150°, 180°. 
8. cos(x + 60°) — sin(w + 30°) =4V3. Ans. — 30°, — 150°. 
9. sin(z+ 60°)— sin(# — 60°) = — 4 v3. Ans. +120°. 


lo. sind a=2sin 22. Ans. 0°, 90°, 180°. 
59. Equations of the Form 

rcos > =a, 

rsind = b. 


Here is a set of two simultaneous equations in two unknowns, 
- 


(1) To find ¢, divide the second equation by the first, 

tan d= : d= tan(*). 

a a 

Or, ¢ =n + tan-("). 
a, 


(2) To find r, square and add, recalling the identity sin? ¢ + 
cos? ¢ = 1, 


ae oft 8 
r=+Va'"+ B, 


The proper sign of r must be chosen so that rcos ¢=a, 
rsin d=. 


EXAMPLES. 1. Find r, ¢ from 


rcos ¢ = 3, 
rsin d= 4. 
We have tand=4, ¢=tan-!(4) = 53° 8. 


Squaring and adding, 1r?= 4? + 3?= 26, 
r=+65. 
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Find 7, ¢ in the following: 


; rcos ¢ = 12, ‘ rsing=9, a 
' |rsin d=5. ' | reos¢ =5v3. 
rcos ¢ = 6, rsin d= 4.876, 
3. 5. . 
pee 5 peepee 


60. Equations in the Form 
r sin 8. cos d= a, 
7 sin 8 sind = 5, 
r eos 8 =e, 
where r, 0, ¢ are variables. 
Divide the second equation by the first, 
tan d = b stant. 
a a 
Squaring all three equations and adding, we have 
7? (sin? 6 [cos? ¢ + sin? ¢] + cos? @)= a? + P+ &, 
or ra=a2+h+ 8, 
r=+Ve+ B+ 2. 
From the third equation, 


e e 
cos@=-= 


@ = eos! (=) . 
VeP+P4 4 


EXERCISES 
Find r, 6, ¢ in the following: 

r sin 6 cos ¢ = 2, r sin 6 cos ¢ = 12, 
1. j)rsin@sin $= 2, 4. \rsin @sing = 12, 
recog = I. rcos@=1. 

r sin @ cos ¢ = 6, rsin 6 cos ¢=1, 

2. jrsin@sing=83, 5. jrsin@sing =4, 
rcos 6 = 2. rcos@=8. 

r sin 6 cos d = 2, _ {rsin @cosd=5, 

3. jrsin Osing =6, 6. {rsin@sin d =2, 


rcos@= 9, reos@=0. 


ee a 
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61. To solve asinx+6cosx=ec. Divide this equation by 
V a? + 0. 


(1) St ine wet. 
Vath Vet Vat+ 8? 
Now let — a se fini d, eas = cos ¢, 
V a2 + 62 Va? + b 
and hence, ; =tangd, ¢=tan-!%. 


Then equation (1) becomes 


(2) sin ¢ sin z+ cos $ cos x = —_“_,, 
Va? + b 
or cos (a — p) = —S—_> “— = + cos"t( : ) 
‘alee ee ARES 
z=o+ cos-1(—2_). 
Vat B 


EXAMPLES. 1. Solve 5sinz+12cosz=6.5. 
Divide both members by 13, 
(1) fx Sinz + 12 cosz= 0.5. 


Write 7x =sind, 12=cos¢, tan d= +. 
Hence, ¢@ = tan“"(.5, ) = 22° 87’. 


Now equation (1) becomes 
(2) sin ¢ sin x + cos ¢ cos x = 0.5, 

or cos (a — ¢) = 0.5, 

z= p+ cos1(0.5) = 22°37! + 60° = 82°37’, — 87° 23'. 
Solve 3cos x+5sinz=4. 

. Solve 12 sin a+ 5 cosa = 3.9. 

Solve 8 cosa+15 sin a= 5.1. 

Solve 3 cos a — 2 sina = 3 V13. 

Solve 5 sinz —6 cosa = 3V61. 


> 9 - oN 


62. To solve sin(x +) =asin x. 


sin(v+)_@, 
sin z ir 


We have 
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Take by composition and division, 


sin(a+¢)+sinx a+l1 
sin(a+¢)—sinz a—1’ 


$) p 
9 ee ae 
asin(x + § us Bee : 
#) i 6 a—l 
2eos(2+ $ sin 5 
$\ att > 
or tan(a+§ =a is 


The right member is now known, and the solution may be 
written out. 


EXAMPLES. 1. Solve sin(2 + 37° 14’) = 2sin z. 


Substituting in the above result, and retaining the smallest 
angle, 
37° 14’ 
2 


37°14! 
2 


tan(z a sr )= = 3 tan oe = 3(0.3369), 


x=tan1(1.0107) — = 45° 18’ 20” — (18° 87’) = 26° 41! 20". 


2. Solve sin (# + 65° 21')= 8 sin z. 

3. Solve sin (a — 28°40’) = 2 sin z. 

4. Solve sin (x + 56° 24') = 5 sin (x — 10° 20’). 
5. Solve sin (2 + 94°10')=4 sina. 

6. Solve sin (# — 124°) = $ sin a. 


63. To solve tan (x+ >) =a tan x. 
Divide by tan x, and take by composition and division, 


tan (2+ p) _ 
tan x 


tan(~+ $)+tanz a+l 
tan(a@+¢)—tanz a—l1 
iL 


Simplifying, Bae a+ 
sin 


sin (2a +) =— 


a— 
a+ 


i sin . 
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EXAMPLES. 1. Solve tan(#+ 20°)=5 tan z. 
Comparing with the above result, 
@ = 20°, a=5, 
sin(22 +) = $sin 20° 
= $ (0.3842) = 0.518, 
22+ =sin7!(0.513) = 30° 52’, 
2 a = 30° 52’ — 20° = 10° 52’, 
== 6° 26. 
Solve tan (2 + 30°)=6 tan z. 
Solve tan (2 + 47° 20')=7 tan 2. 
Solve tan (@ + 25° 10’)= 10 tan 2. 
Solve tan (2 + 60°) = 13 tan z. 


op oS 


64. To solvex=a-+ Bsin x. 


In this equation a, 8 are usually given as angles (degrees or 
radians) ; 8 expressed in radian measure is smaller than unity. 
Two plans of solution will be sketched. 

(1) Trial solution. Let a, 8 be expressed in degrees. Then 
an upper limit to z will be shown by a+ 8, since the multiplier 
8 is smaller than unity. Take a trial solution, substitute in 
the equation, note the error, make another approximation, and 
so continue until the required degree of accuracy is attained. 

(2) Graphical solution. Let a, 8 be expressed in radian 
measure: a°=a radians, 8° =%4 radians. Then we have to 
determine z so that 

x—a=hbsing. 
Let Yy=r—a4, yo=Osine. 


Construct upon rectangular axes a curve representing each of 
these equations. The first is a straight line through the point a 
on the X-axis ; the second is a modified sine curve. The x of the 
point of section of these two graphs is the required solution. 

As an illustration of the graphical solution let us solve 

aw = 57°17! 44” + 45° x sin 2. 
Here, 57°17! 44” =1 radian, 45°= 0.785 radians. 
Then we are to solve x=1+ 0.785 x sin z. 
Let y,=2—-1, y.= 90.785 sin x. 
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Now construct the straight line y, =x —1, and the modified sine 
curve y, = 0.785 sin x The abscissa of the point of intersection 
of the straight line and curve is approximately z = 1.769 radian 
= 101° 27’. 


Fig. 47. 


EXAMPLES. 1. Solve x= 24°+ 30°x sinz. 
2. Solve z= 64°+ 28° x sin 2. 

3. Solve z = 30°+ 50° x sin z. 

4. Solve x = 10° 20’+ 40° x sin z. 

5. Solve x = 45°+ (87° 80’) x cos 2. 


> 


: 2 
Show sin x2 —z, 0S252- 
= : 


~ 


CHAPTER IX 


COMPLEX NUMBERS. DEMOIVRE’S THEOREM. TRIGONO- 
METRIC’ SERIES. EXPONENTIAL AND HYPERBOLIC 
FUNCTIONS 


65. Roots of Quadratic Equations. In ordinary algebra we 
have such equations as 
r—be+25=0, 
whose roots, ed ¢ 
z,=3+4V—1, z2,= 3—4V-1, 


are called complex numbers. These numbers contain a real unit, 
1, and a so-called imaginary unit, V —1. 

(1) Properties of V—1. The imaginary unit is usually 
represented by i. We may easily show that when V—1 =i, 


f=—1, P=—1, f=1, P=+..-., 
and generally, 


i 1, ey pee? 1, pees — 7, 


(2) Graphical representation of x+yi. To any complex 
number as 3+ 47, 3—47, 2+ yi corresponds a point in a plane. 
If we multiply a real number a by 7, and this product again by 
z, the result is —a. Thus, multiplying twice by ¢ changes a 
number to its negative. Multiplying a number by i may be in- 
terpreted as turning its direction through 90°. To locate 3+4¢ 
upon a plane, lay off 3 units, OQ, along the real axis (horizon- 
tal in Fig. 48), then at Q erect a perpendicular 4 units long; 
the point P, represents the complex number 3+4%. Lay off 
—4 perpendicular to OQ at Q, and we locate 8— 4%, at Pp. 

Any complex number z+ yi may be represented upon a plane 
as shown in Fig. 49. The point P may be anywhere in the 
plane. 

(3) Modulus, are(x+ yi). The line OP =ris a vector equal 


in length to the modulus of «+ yi, or the absolute value of 
99 


my > Ashland, Wisconsin, d 
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x+yi. The angle XOP = ¢ is called the are of x+yi, or 
amplitude, or argument of r+ yt. As abbreviations 


r= mod (2+ yi), 6=amp (7+ yt). 


x, 
Pr yi 
& 
z 
O 
X xX 
-Y 
Fig. 48. Fig. 49. 


The following notation should be recognized : 
Modulus of a+ yi=r=V2?+y=|x+ yi. 
Are of a+ yi= co) = tan-! z = amplitude (2+ yi). 


EXERCISES 


1.. Locate the following complex numbers: 

(1) 84+27%; Q) 2467; G3) —3437; © —447; 

(S) 8457 (ey) 8s ery eee (5+ Bi) x 5. 
2. Find the modulus and are of each of the numbers in 


xi 4: 

3. Solve the following equations and locate the roots as 
complex numbers: 

(1) #-—42418=0; (2) 24+624+13=0; (38) 2+241=0; 
(4) €—1=0; (5) 241=0. 

4. Locate the following products: (1) i x (2+ 42); 
(2) «x(—8+24); (8) tx (6-81); (4 txt xi@—D. 

66. Complex Numbers expressed Trigonometrically. From 
Fig. 49, we have 


a= rcos >, y=rsind, r=Va?+ y’, > = tan Z. 


, Northland College Library 
C~ Ashland, Wisconsin, 
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Hence, 
x + yi=r(cos > + isin d)= Vax? + ¥2(cos > + isin). 


THEOREM. A complex number equals its modulus multiplied 
by the expression cos h + isin d where ¢ is its amplitude. 


EXAMPLES. 1. 22—z+1=0 has roots, 


The modulus of z,= 1, mod z,=1; the amplitude of 


2, = tan + 5) = tan1V3 = 60°, 
am z, = tan-!(—-V3) = — 60°. 
Hence, 


lve, ene . 
23=5— t= cos 60° —7 sin 60°. 


2. Express the roots of the following equations in trigono- 
metric form : 


(1) 241=0; (2) #2-224+2=0; (8) 2-v32+1=0; 
(4) 24+22-—8=0; ©) 24+V224+1=0; (6) 2+2+1=0. 


67. DeMoivre’s Theorem. Let us take a complex number in 
trigonometric form, 


z2=xr+yi=r(cos¢+isin ¢d). 


Squaring z, and recalling that ?= —1, 
2 =r(cos ¢ + isin ¢)? = r°(cos? f — sin? f + 27 sin ¢ cos P), 
(1) #2=r°(cos2¢+7sin 29), § 35, (T),.(8). 


Now, multiply (1) by z=r(cos $+ ‘isin ¢). 


2=r'[cos 2¢ cos¢—sin 2¢ sin 
+i(sin 2 f cos d + cos 2 ¢ sin $)]. 


(2) 2=7r3(cos 8 d+isin3¢), § 34. 
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The law of exponents shown in (1), (2) would indicate 
that for n = any positive integer, 
(3) 2"=r"(cos nd + 7 sin ng). 
Assuming law (3) to hold for any integral n, let us see if it 
holds when n is replaced by n +1. 
Multiply (3) by 
z=r(cos¢?+zsin ¢d), 
zl = r"*1[ cos ng cos d — sin n¢g sin f + 2(sin ng Cos 
+ cos np sin ¢) ]. 
(4) l= r""I[cos (n+ 1) d+itsin(n+1)¢]. 
Hence, the law assumed in (3) for the integer z holds for n + 1. 


We see this law holds forn=2 and n=83, hence it holds for 
n= 4, 5, ---, 7= any positive integer. Hence, we have 


DeEeMotvre’s THEOREM: (cos? + isin)” = cosnd + éisinnd. 


DeMoivre’s Theorem holds when n is an integer, a fraction, or a 
negative number. 


? 


1 
(eos + ésing)»= eos ®+ isin ®, 


n 
es P Pp Lea 24 
Cote) + + ein Geese fn 


(cos + isin p)~”’= cos(— mo) + ésin(— md) 


= cos mo — isin md. 
68. Raising to Powers and Extracting Roots. DeMoivre’s 
Theorem enables us to raise 
z2=x+ty=r(cos¢+isin d) 
to any power, or to extract any root of 2. 
Thus, 2=r(cos26+i7sin 2d). 


Hence, to square a complex number, square its modulus and 
double its amplitude. To cube a complex number, cube its 
modulus and multiply its amplitude by three. 


a 
‘ 
‘ 
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EXAMPLES. 1. Raise z=3-+4i% to the 2d power; to the 
3d power. 
z =3+4t=5(cos¢ + ising), d= tan ¢ = 53° 8, nearly. 
2° = (3 + 41)? = 25(cos2 # + isin2 ¢). 
2° = (3 +4i)3 = 125(cos3 $ + isin3 ¢). 
2. Raise z= : + nt to 2d, 3d, rth powers, and locate these 


respective numbers on a diagram. See Fig. 49. 


3. Find 2%, 2, 28, when z = — 


~ 


4 Find 2, 21°, when z= — 1 —1. 


The extraction of roots may be performed by use of DeMoivre’s 
Theorem : 
ae 
ga = r(cos $ + isin 2). 
n n 


This formula seems to give but one of the n nth roots of z, 
but we may obtain n different roots by writing 


z=r[cos(?+2kr)+7sin(¢?+2kr)] ; 
then will 


1 
a= rn 


| cont SEE 4 po t2kr SG Re ree © 
nm n 


EXAMPLES 1. Extract the square root of 7. 


Heren z=i= 1(cos™ + isin7) 
= cos(2 +2 kr) + isin(Z +2kr), 


s 
[4k ot+2k 
Then, gis = fe < cos( 2 5 ) + isin(2 5 ) 


Let ~, 2, be the two roots, then 


7 1 re 
= SS ee oe k= 0. 
cos= at i Figsiag a" > 
= Le isin (= F hog see k=1 
a ae Al 7g 
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2. Extract the cube root of — 8, and locate the roots on a 
diagram. 


In this case z=— 8 = 8(cos7 + 7sin 7) 
= 8[cos(a4 + 2 kr) + isin(a + 2 kr)]. 
Extract the cube root, 


2 = (- 3)! = 8#[ cost +2“ + isin? +2). 
Giving & values 0, 1, 2, we find the three roots, 2,, 2) Za 
a = 2(cost + isinZ)=1+ v3 2 ko 
2, = 2(cosm7 +isinw) =— 2, pe 
iy = 2(cos”™ + isin?) = 1-—v3i, E=2. 
3. Find the five 5th roots of 32; of 7. 


4. Find the six 6th roots of —1 ; the cube roots of ————— 1+V3 a 


2 
69. Value of sin x, cos x in Terms of x. 


C1) Value of se when d= 90. 


When an angle ¢ is small, sin d approaches are ¢. 


From the tables of natural functions and radian measure we 
have: 


sin 0°=0.00000 0° = 0.00000 radian 
sin 10’ = 0.00291 10’ = 0.00291 radian 
sin 40’ = 0.01164 40’ = 0.01164 radian 
sin 1°= 0.01745 1° = 0.01745 radian 
sin 2°= 0.03490 2° = 0.03491 radian 


which show that sin¢@=@ for values of ¢ from 0° to near 2°, 
true to five decimals. 
To show this property generally, 
we have from geometry 
BC <BA< DA, $< 90°, 
ori OA = 1, Figs 50, 
sin 6<¢< tan ¢. 
Divide this inequality by sin ¢, 
1 
; a mar 
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Now let ¢ approach zero, ¢ = 0, and cos ¢=1; hence, 


1 $ 
re eLesh 


ert p a | 
=| sind ; 


re O(e =1, sind=¢ as $= 0. 


(2) Value of sin nd, cos nd in terms of sin , cos d. 
In algebra it is shown that if 
r+yi=a+ bi, 
then Soa, got. 


THEOREM. Jf two complex numbers are equal, the real parts 
are equal and the imaginary parts are equal. 


By DeMoivre’s Theorem, © 
(A) (cos $+ 7sin $)" = cos nd +itsin nd. 
But by the Binomial Theorem, 
(B) (cos¢+isin ¢)" = cos" d + n cos"! P(i sin f) 
oy AL cere? Lik cos"? g (isin f)? + nin VG) cos"-8 f (¢sin 8 


1-2 1-2. 
n(n —1)(n—2)(m—8) . na 44 
+ 1.2.3.4 cos"~* @ (i sin @)* + 


the series terminating if m is a positive integer, and becoming 
infinite if n be a fraction or negative. Now ?=—1, ?=—z, 
i#=1, ---; hence, the first, third, fifth, ---, terms of the right 
member of (B) are free of 7, and the even terms containt. The 
right members’ of (A) and (B) are equal. Equating the real 
and imaginary parts, respectively, we have 


(C) cos nd = cos” bd — mn) cos"? ¢ sin? 


+2@-DG-DG—* J sons 4hsinth— - 


1-2-8. 
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(D) sinnd = nsin”! ¢ cos d — (n= D@—*) cos”-3 ¢ sin® $ 


4+ 2@— DO Da 3) (1 = *) cos"-5 g sin’  — --. 
1-2-3. 


If in (C’), (D) we give m the values 2, 3, 4, ---, we may 
obtain the ordinary expressions for sin2¢, cos2¢; sin3 ¢, 
cos 3; etc., in terms of sing, cosd. See §§ 35, 36. 


EXAMPLES. 1. Show from (C’) cos 2 $= cos? ¢— sin? ¢, 
n= 2. 


2. Show from (D) sin 2¢=2 sin ¢ cos ¢. 

3. Show cos 3 ¢ = 4 cos? ¢ — 3 cos ¢. 

4. Show sin3 ¢=3sin ¢ — 4 sin’ ¢. 

(3) Trigonometric series. In formulas (C’), (D) above, let 
us substitute n@=z, or n= % 


and we have 
wn G2) 
CC’) cos x= cos” d — —— cos"-2 g sin? + «.- 
= cos” bd — ou ae?) cos”—2 gd ee ey +. 
$ 
D! 
ee (5 G-2) 
sin 2 = 5 cost 1g sin d— eS EE EN 8pdsini f+ -- 
ae erie foils: £) _ «(a— $)(@—2 9). ns» (sin d\3 
x COS De 1.2.3 cos (08). = 
Now let »=oo in such manner that no =2, then Sin dy 


see (1) above, and (C"), (D’) become the infinite trigonometric 
series 


I. cos xX = of 2a Vee es 


ae sin x =a — — _ SSS" 


_— oa 
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where |2=1-2, [3=1-2-3, |4=1-2.3.4, ete., these symbols 
being read factorial two, factorial three, Factorial four, ete. 
Dividing sin z by cos x and cos x by sin 2, we find 


ETT, = acs 2 a Ww a? eee 
ee ea aie 3 


The series for cos z and sinz are convergent for any value 
of z In the expansion for any trigonometric function the 
radian measure of x must be used in the series. 

Tables of the numerical values of the trigonometric functions 
for any set of angles may be computed by means of the series 
i et ee 


EXAMPLES. 1. Compute sin 10° correct to four decimals. 


T 
= ™ — 0.17458). 
(2 18 ) 
2. Compute sin 12°. (2 == 0.20944). 


3. Compute cos 10°, tan 10°. 

4. Compute sin 20° from Ex. 1 and 3. 

5. Find sin 80°, cos 80°, cos 78°, cos 70°. 

(4) Trigonometrie products. sin x =0 when 
a=0,2=4+7,¢7=4+27,2=243 7, =: 


This fact suggests that sin z can be expressed as a product 
of factors, and indeed an infinite number of factors. Likewise, 
cos z = 0, when 


Arranging the factors properly, 
cvone[t-(2))] (8) (C8) 
ove = (t-(42)}f0- (82) f-(82))> 
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70. Summation of Series. In analysis it sometimes becomes 
necessary to sum the following series: 


(1) S, =sin@+sin(@+a)+sin(@+2«a)+ -- 
+ sin[@+(m— 1)a], 
(2) S, = cos@ + cos(@ + «)+ cos(0+2a)+4+ --- 
+ cos[6+(n—1)e]. 
S, is a series of m sines in which the angles are in arithmeti- 


cal progression, the common difference being a. —S, is a similar 
series of cosines. 


To find the sum S,, multiply both members by 2 sin <. 


2sin 5S, = 2 sin sin 8 + 2sin Ssin (O+«a)+ --- 


+2sin sin [0+ (n— 1a] 
“mld deemed) 
+ [oos(a +3.)—cos(6+2 oa 
+ {cos s(0+2 st) (eae § 39 (22!) 


= cos(9—£)— cos (9.4 2"=1 «) 


= 2sin| 0+ (n —1) 5 |sin 3 


Dividing by 2 sing, we have 


sin| 0 +(n—1) 5 [sin 
Sela 


sin“ 
2 
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In a similar manner, by multiplying S, by 2sin 5 and sepa- 


rating the double products as in S,, we may reduce the value — 
of 8, to 


S. = cos 6 + cos (6 + @) + cos(O + 2a)+ + +cos[O+(n— 1a] 


cos [e+ (n—1) 5 | sin“ 


sin = 
2 

EXAMPLES 
Verify the following: 


i sinz+sin(2+7)+sin (2+ =r) + eee +sin[ x+(n—1)3 | 


= 2sin| 2+(n —1) 5 |e 


[ Sucexstion. Common difference = f compare s,.| 


2. cosz-+00s(2— 7) +cos(2— =2)4 ve +003] #—(n—1)5 | 


3 
= — 2cos| z—(n—1)™ sin(—"7). 
[2-@-17 |sin(—% 

[ Sucerstion. The common difference is — a apply S, with a=—7.| 
sin (n+1) 5 sin > 
3. sinz+sin2z27+sin3z+4 -- 2 kaa re amr 

sin = 

2 
cos (n+1) 5 sin 


Y. 
4. cosz+cos2z2+cos32+4 --- +cosnz= aoe . 
sin = 


2 


sin? na, 


5. sinz+sin32+sin5¢+4+ -- +sin(2n—l1)r= aa 
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COs Nz Sin NX 


6. cosz+cos 32+cos 5a+ --- +cos(2n—1)r= = 
sin x 


_ sin 2nz 
2sinz 
7. sin2¢+sin4z2+sin6z2+ --- +sin2ng= St Desa ne, 
8 cos2z2+cos4zx+cos6a+ --- +cos2 nz 
_ cos(n+1)zsin nx 
sin z 
9, sin?a+sin?(2+«)+sin?(7+ 2a)+ --- +sin?[2+(n—1)a] 
n_cos[22+(m— 1)a]sinna 


2 2 sin @ 


[Sueerstion. Multiply this series by 2 and separate each term thus: 
2sin?x=1—cos22, 2sin?(x + a)= 1 — cos(2x7 + 2a), --- 
2sin? [x + (n — 1)@] = 1— cosP2r+(n—1)24]; 


add and sum the cosines as in Ex. 8.] 


10. cos*a + cos?(x + a) + cos?(z+2a)+4 -- 


cos [22 +(n—1)e]sin ne 
2sin a j 


+ cos? [e+(n—l)a]=7+ 


71. The Exponential Series. If we take the Binomial Series, 
qd (ays il4 ne, SOLD ee : (W384 dea 
[2 [3 


and substitute 


1 
2=—, n= ma, 
m 
we find 


(1 =f ~\" = (1 us ~\" =1+ ma(=)+ ma (ma — 1) (=) ak 

m | m m [2 m 
Now, divide the numerator and denominator of the respective 
fractions by m, m?, m’, ---, and finally let m=oo ; then we have 


maa(l+s)" =l4e4542 


a a 
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The numerical value of this series, when x = 1, is denoted by e. 
(A) e “are 1,1 at = 27182818 -- 


> [8 n 
Series (B) is called the exponential series; e is the base of 
the Napierian Logarithmic system. 


72. Euler’s Formulas. Series (B) readily identifies the ex- 
ponential functions with the trigonometric functions. In (B) 
substitute 


2=i0, where i=V—1, ??=—1, --., § 65 
: G2 : 6+ 765 
eel + 0 — = ota Sa abe 
[2 [4 [5 
& ae 
sie hal one atet -~) 
2 {4 Bis 
= cos $+ isin 8, § 69, I, II. 


Changing i to —2, 


e~” = cos 0 — isin 8. 


Subtracting and dividing by 27, and adding and dividing by 
2, respectively, we have Euler’s Formulas for sin 6 and cos @. 
tan 0= sin 6 + cos @. 

ei _ e-i8 


V. sind = ear 


The reciprocals of these fractions define the ese @, sec 0, cot 8, 
respectively. 

These analytic definitions of sin @, cos @, tan@, may be em- 
ployed instead of the ratio definitions given in § 2. 
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EXERCISES 


Prove the following identities by use of Euler’s definitions, 
V, VI, VII. 


1. sin2@=2sin@ cos 0. 
2. cos 26=cos?6 — sin?6. 


3. sin(x+y)=sinzcosy+coszrsiny. 


: : - £ i 
4. sinz+siny=2sin re 
5. sin?’z+cos?z=1. 
6. sec?z —tan*z= 1. 


7. Write trigonometric values for each of the following: 


(1) e 2, (2) er; (3) elit, (4) aie (5) e-™, (6) ety 
(7) e 3: (8) el(zta), 
8. Express in exponential notation: (1) cos30°+/7sin30°; 


1+¢. —14-V3s_ Pe ee Se ae Oe 
(2) Te (3) a ae. (4) eas (5) ore 


(6) ee — Vs ae: 


9. Sigs the following: (1) eM?) =e; (2) #t™ = — ¢2; 
(3) oy ps (4) &? =e 


10. Find approximately the value of Ve by substituting 
=} in (B), § 71. 


73. The Hyperbolic Functions. In V, VI, VII, § 72, let 
6 = iz, 
e*t—e* .e*—e* sO ee 
¥ ages > cosiz= See? 


x as 
tan iz = — ae. MEE ses Ne 
tle" fe) ee 


= 
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are taken as defi- 


The fractions arses St, oa, fetal ai 
2 2 e* + e-* 

nitions of the hyperbolic sine of x, hyperbolic cosine of x, and 
hyperbolic tangent of x, respectively. These functions are 


written: 


VIII. sinh 2 =& 5 
1S cosh x =c4=” 
es tanh 2 —Sinh w _e*-e* 


cosh 2 e® +e@" 


C1) Relations between trigonometric and hyperbolic functions. 
From the above definitions it is seen that 


sin iz =7 sinh 2, cot iz = — 7 coth a, 
cos iz = cosh 2, sec iz = sech 2, 
tan iz = 7 tanh 2, esc iz = —7zcschz. 


This table of relations enables us to determine the identities 
existing among the hyperbolic functions, corresponding to the 
trigonometric identities. 

(2) Identities. Let the student verify the following identi- 
ties among the hyperbolic functions : 


(1) cosh? z — sinh? z = 1. (6) tanh22 = 2 tanh 
(2) sech? z + tanh? z = 1. 1+ tanh? z 
(3) coth? x— esch*z = 1. (T) sinh (— 2)=-— sinha. 
(4) sinh22=2sinhzcoshz,. (8) cosh (— 7)=cosha. 


(5) cosh 2x2 = cosh? x +sinh? z. 
(9) sinh (2 + y)= sinh x cosh y + cosh z sinh y. 
(10) cosh (# + y) = cosh z cosh y + sinh w sinh y. 


_ tanhz+tanhy | 
pee Oe + 9) 1+ tanhz tanh y 


(12). e* = cosh z + sinh z. 
(13) sinh 2+ sinh y= 2 sinh aoe cosh 7S. 


(14) cosh 2 — cosh y = 2 sinh Y sinh a 


I 
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(3) Infinite series forms for sinha, coshx. Take the series 
for sin x, cos 2, tang, II, I, III, § 69, 


ae 


sin z= 2 — Bb tet, 


b 
Pepin (ed oe 
Cae 

oa 
Bhi oo 


and replace x by tz, giving 


sinh x = ee ar oe, 


B |e 

cosh a = 14242 EE anny 
[2 

tanh a =a— 2? 20? _ ose, 
3 15 


(4) Graphs of the hyper- 


bolic functions. The numeri- 


saatadnavasataas isasaasasaiae cal values of the hyperbolic 

Oe Herrera Cerner functions for various values 
Et SOPH «of the variable xz are col- 
: nif ~eedee! lected in Tables of Hyper- 
; Nex} bolic Functions. The ap- 


proximate values of sinh 2, 
cosh 2, tanh 2 are shown upon 
the following graphs, Fig. 
ANY 51, where the ordinates 
parallel to the Y-axis are the 
values of these functions for 
the corresponding values of 
x. The graphs of the esch 2, 
sech zg, and coth 2 are not 
shown, but these may be 
easily constructed upon the 
same diagram by taking re- 
ciprocals of the ordinates of the sinh z, cosh x, and tanh 2, 
respectively. 


Fig. 51. 
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(5) The inverse hyperbolic functions. If we write 


~__ e-2 


. e 
y=sinh z= os 


we may express z in terms of y by an inverse notation similar 
to that employed in inverse trigonometric notation. 


y=sinha, #=sinh-ly. 


By means of the exponential value of sinh 2, we may obtain 
another expression for z in terms of y. Thus, 


aa =y, e* — 1 = 2 ye*, 
or e* — 2 ye* -1=0, a quadratic in e*. 
Solving, r= yt V x + i 


the negative sign being excluded since e” is positive. Take 
log, of each member, 


«= log(y+Vvy +1)=sinh y. 


EXERCISES 
Prove the folléwing : 
1. cosh! = log,(a + V2? —1). 
a 
# 


evia 
ON ge ea 


2. tanh-}2=4 log. (3 z 


=lo 


1 
3. sech7! z= cosh~— 


4. sinh-!z2=cosh"!V1+27= tanh 


=] ot PT -1_% _?:, 
5. tanh! 2+ tanh"! y = tanh ad 


Gosh Om 1, cosh m rt Maly oi wi 0. 


7. sinh Tai, cosh mi =— 1, tanh 0=0. 


8. sinh 2nmi=0, cosh 2nmi=1, tanhnri=0. 
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74. The Gudermannian. If an angle @ is related to a num- 


ber 2, so that 
sec 6 = cosh 2, 


then @ is defined by 
6 = gudermannian of 2, 


or briefly, @ = gd = sec"1(cosh z). 
Inversely, 
x= inverse gudermannian of @, 
or x= gd 16 =cosh-\(sec 8). 
When sec @=cosha, 


the following relations are true: 


cos 8 = sech 2, sin 0 = tanh a, 
tan @ = sinh 2, esc 6 = cotha, 
cot 8 = esch 2, ae é eres z. 


Any one of these relations defines @ as the gudermannian of z. 


PART II 
SPHERICAL TRIGONOMETRY 


CHAPTER X 
GENERAL DEFINITIONS. THE RIGHT TRIANGLE 


75. Definitions and Geometric Properties. From spherical 
geometry we recall the following facts: 

(1) The intersection of the surface of a sphere by a plane 
through its centre is a great circle. 

(2) A great circle divides the surface of a sphere into two 
equal parts called hemispheres. 

(3) Two great circles upon the same sphere divide its sur- 
face into four parts each of which ts called a Lune. In Fig. 
52, BCB'AB is a lune, bounded by the semi-circumferences 
BCB' and BAB’. 

(4) The angles of a lune are equal, and are measured by the 
diedral angle between the planes of the great circles forming 
the sides of the lune. Inthe 
drawing, angle B is meas- 
ured by the diedral angle 
CBB'A. Since tangents to 
ares BC, BA at B are per- 
pendicular to the edge of the 
diedral angle, the spherical 
angle B is measured by the 
plane angle between the tan- 
gents Bt, Bt’ to the arcs BC 
and BA at B. 

(5) Any third great cir- 
cle will divide a lune into 
two parts called spherical 
triangles. Thus, are AQ, 
Fig. 52, divides the lune into the spherical triangles ABC and 


AB'C. 


Fig. 52. 
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(6) Ois the apex of a spherical pyramid whose base is the 
spherical triangle ABC. The face angles of this pyramid are 
equal to the corresponding sides (measured in degrees) of the 
spherical triangle ; in Fig.52,a=Z BOC, b=Z COA, e= ZAOB. 
The diedral angles of the pyramid are equal to the correspond- 
ing angles A, B, C, of the spherical triangle. 

(7) The length of a side a of a spherical triangle expressed 
in linear units is given by arc a = radius x radian measure of a. 
The length of the radius of the sphere is usually not considered 
in the trigonometric discussion of a spherical triangle. 

(8) A side of a spherical triangle lies between 0° and 180°; 
likewise an angle lies between 0° and 180°. The following 
limitations should be recognized (see notation, Fig. 52): 

(1) 0°<a+b4+ce< 360°, 

(2) 180°< 4+ B+C< 540°. 

(9) The angles and sides of a spherical triangle are in the 
same order of magnitude; if a>6>e, then will A> B> C. 


76. The Polar Triangle. ‘To any spherical triangle ABC 
there corresponds another called its polar which may be con- 
structed as follows : 
take each vertex A, 
B, C,as a pole and 
describe ares (90° 
away) BC’, CA’, 
A'B', forming the 
spherical triangle 
A'B'C', Fig. 53. 
The triangle A’B’C’ 
is the polar of the 
triangle ABC. 

In geometry it is 
shown that the sides 
and angles of a: 
spherical triangle 
ABC and the angles and sides of its polar A'B’C’ are related 
by the following equations : 

(1) A =180°— a’, B= 180°— b’, C = 180°—¢, 

(2) a = 180° — A’, b = 180° — B!, c = 180° — OC’. 


‘angle A draw at any 
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THEOREM. The angles of a spherical triangle are the supple- 
ments of the corresponding sides of its polar; the sides of the 
given triangle are the supplements of the corresponding angles of 
the polar triangle. 


Polar triangles are so related that the vertices A, B, OC, of 
one are poles of the corresponding sides a’, 5’, c! of the other, 
and the vertices A’, B’, C’ are poles of a, d, ¢. 


THE RIGHT SPHERICAL TRIANGLE 


77. Definitions. If one angle C, Fig. 54, be 90°, the triangle 
ABC is called a right spherical triangle. The side ¢ opposite 
the right angle is called the hypotenuse. 

(1) The angles A, B, may both be acute, both obtuse, or one 
acute and the other obtuse. 


(2) The sides a, 4, lie in the same quadrant as the opposite 
angles. If A> 90°, 2>90°; if B>90°, 6>90°; if A< 90°, 
a<90; if B< 90°, b< 90°.’ 

(3) The hypotenuse e is smaller than 90° if A and B are 
both smaller or both larger than 90°; ¢ is larger than 90° if 
A is smaller than 90° and B larger than 90°, or inversely. 
See § 81. 


78. Trigonometric Relations. In the spherical triangle ABC, 
Fig. 54, let C = 90°, and let A, B, be acute. To measure the 


point A’ in the edge 
of the diedral angle 
CAOB, a plane per- 
pendicular to OA; the 
traces of this plane 
upon planes OAC and 
OAB are the lines 
A'(’, A'B', and the 
angle B'A'C’ equals 
the angle A. Draw Fig. 54. 

B'C'. The following 

are plane right-angled triangles: A’O'B', OA! C", OA'B', OC'B'. 
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Defining sin_A, cos A, and tan A from the drawing, we have 
BO. BO OR aoe 
A'B! A'B'” OB’ sine’ 
jg Ae ee i OA' _tanb 
8 = ABO OL | tane 
BO iO 5 OC’ _tana 
Alo’ A’O'” OC! sind 
Also, from triangle B’ OA’, 
OA! AS Oe 
cos B' OA! = cose= OB = OB! 0G! 
By drawing perpendiculars to the edge OB and constructing 
a measure of angle B, we could derive similar results for the 
functions of B, namely : 


sin. A = 


tan A = 


= cos a-cos b. 


a n Ba tard. 


sin Bay : os B= - 
sin ¢’ tance’ sin a 
Taking the reciprocals of tan A and tan B, and multiplying 
their values together, 


sinbB sina 
cot A cot B= x = cos a cos 6. 
tana tandb 


Hence, cos e= cos acos6=cotA cot B. 
Again, 
tanb sind’ _ cose sind _ cosacosd sinb 
cos A = = =p = —— xX.cosa 
tane cos6b sine  cosb sin ¢ > sine 
= sin B cosa. 
Similarly, cos B= sin A cos 6. 


79. Important Formulas. Collecting the results of § 78, we 


have the following formulas relating to the right spherical 
triangle : 


(1) sin 4 = smc, (5) sin B= sme, 
(2) cos. = fan, (6) cos B= 22S, 
(3) tan 4 = tang, (T) ton B= "ne, 
(4) cos A = sin B cos a, (8) cos B=sin A cos b, 


(9) cos ¢ = cos a cos b = cot A cot B. 
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These formulas are true for any right spherical triangle, 
whether the angles and sides be acute or obtuse. 

It should be noticed that the values of sine, cosine, and 
tangent, formulas (1), (2), (3), (5), (6), (7), are very similar 
to the definitions of those functions in a plane triangle. This 
similarity enables one to remember the trigonometric relations 
of the angles and sides of the right spherical triangle. 

A right spherical triangle may be completely solved for all its 
parts when any two parts, other than the right angle, are known. 


80. Napier’s Rules of Circular Parts. Another method of 
remembering the formulas (1) to (9) of § 79 is embraced in 
what are called Napier’s Rules of Circular 
Parts. 

Let a right spherical triangle be given 
with the usual notation, Fig. 54, the right 
angle being C. Then write a, b, comple- 
ment of A, complement of c, complement 
of B, Fig. 55. The notation shown on 
the drawing consists of five parts, known 
as Napier’s Circular Parts. 

If any part as co. e be taken as a middle 
part, the next two parts to the right and 
left, co. A, co. Bare called the adjacent parts, 
and the remaining two parts, a, b, are called the opposite parts. 


co. B 


Naprer’s Rutes. (1) The sine of the middle part is equal 

to the product of the tangents of the adjacent parts. 
sin(mid. pt.) = tan(adj. pt.) x tan(ad). pt.). 

(2) The sine of the middle part is equal to the product of the 

cosines of the opposite parts. 
sin(mid. pt.) = cos(op. pt.) x cos(op. pt.). 

As illustration of these rules, identify each of the following 

with some one of the formulas (1) to (9), § 79: 


1. sin(co. ¢) = cose = 
2. sin(a)= 

5. sin(c..B)=—cos B= 
4, sin()= 

6. sin(co. A)=6éos A= 
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81. Relative Dimensions of Sides and Angles. (1) Given 
a< 90°, 6< 90°- In this case, 


>) + + 
cos ¢ = cosa cos) 


shows cose positive ; hence, ¢ < 90°. 


ia + 

(+) tanb © tane 

Also, cos A=——,, cos B= — 
tan ¢ tan e 


show cos A and cos B positive ; hence A < 90°, B< 90°. 


(2) Given a > 90°, 6< 90°. Formula (9), § 79, 
(-) - + 
cos ec = cos a cos 4, 
shows cose negative; hence, ¢ > 90°, the supplement of the 


tabular angle determined by formula (9). 
Formulas (2), (6), § T9, 


+ 
es ane 5 tana 
cos A=——, cosB= 


? 


tan e tan @ 
show A > 90°, B < 90°. 
(3) Given a> 90°, 6>90°. Formula (9), 


+) anh es 
cos ¢ = cos a cos 4, 


determines cos ¢ positive ; hence ¢e < 90°. 
C) tana © tan b 
Also, cos A = », cs B= = 


oa 
tan e tan ¢@ 


show that cos A, cos B are negative; hence, A> 90°, B> 90°. 


THEOREM. In any right spherical triangle the hypotenuse ec is 
acute if a and 6 lie in the same quadrant ; cis obtuse if a and b 
lie in opposite quadrants. 


82. The Isosceles and Quadrantal Triangles. If two sides of 
a spherical triangle.be equal, the opposite angles are equal, and 


ee 
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the triangle is isosceles. An isosceles spherical triangle may 
be divided into two symmetrical right triangles, ADB, CDB, 
by drawing the are of a great circle 
from B, Fig. 56, perpendicular upon 
side 6. This perpendicular p bisects 
the angle B and the opposite side 8. 
The solution of an isosceles triangle 
ABC depends upon the solution of the 
two right triangles ADB, CDB. 

If a side be 90°, the triangle is called 
a quadrantal spherical triangle. The 
solution of a quadrantal triangle may 
be made to depend upon the solution 
of a right spherical triangle by tak- 
ing the polar triangle, one of whose “ig. 56. 
angles will be 90°, the supplement of the given side. See § 76. 


B 


To solve a quadrantal triangle, solve its polar and take the sup- 
plement of each part of the polar. 


83. Solution of Right Spherical Triangles. Six cases arise in 
the solution of right spherical triangles. 

CasEI. Given two sides, a, 6. 

Case II. Given one side and the hypotenuse, a, ec. 

Case III. Given two angles, A, B. 

Case IV. Given one angle and the adjacent side, A, 6. 

CasE V. Given one angle and the opposite side, A, a. 
Double solution. 

CasE VI. Given one angle and the hypotenuse, <A, e. 

That Case V has a double solution may be seen from the 
drawing, Fig. 57. 


] 
ie 


Fig: 57. 


124 SPHERICAL TRIGONOMETRY [§ 88 


In calculating the unknown parts of a triangle falling under 
any one of the above Cases, (1) either select a proper set of 
formulas, § 79, or employ Napier’s Rules to obtain the required 
trigonometric relations; (2) use logarithms in performing the 
operations of multiplication and division. 


EXERCISES 
Solve the following right spherical triangles for each un- 
known part: 
1. a= 64°20’, 6= 70°24". 
2. a2 49? 28, e= 65° Zo! 
3. 6= 100° 10’, A=33°41’. 
4. a= 120° 30' 10", B=98? 27’ 10”, 
5.6 = 110° 305 10%, 4 = 46° 21 Se". 
6. A=41° 48’, B= 80° 30’. 
7. b=AA0? 28" se = 110° 29", 
s. b= 72° 20'10"% B= 80° 10! 20". 
9. a= 130° 20", b=10a 48. 

10.” 1A = 98° 25); “B= 1097 10", 

11. Find the perimeter of the right triangle in which a = 48°, 
b = 60°, the radius of the sphere being 15 in. 

12. Find the area of the right spherical triangle determined 
by a = 36°, A = 36°, the radius of the sphere being 30 in. 

Nore. The surface of a sphere = 4 7R?. 

13. If a spherical triangle have two right angles, show that 
the opposite sides are quadrants, and explain a method for 
finding its area when the radius is known. 

14. Solve the isosceles triangles: 

(1) A= B=54° 28', C=68°. 
(2) A=T5° 34’, a= 38° 28’, b=e. 
(3) B= 98° 24’, a=c=124°. 
15. Solve the quadrantal triangles : 
CQ) 2=90°, B= 48°, Caonge 
@) A=100°, e057, Fae 90-. 
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16. A vessel sails directly east from Sandy Hook (latitude, 
40° 28’ N.; longitude, 74° 1’ W.) and continues upon the are 
of a great circle. Find the latitude at which it crosses the 
meridian of 65° W. What will be the course of the vessel 
when crossing that meridian ? 


Nore. See § 91 for definitions. 


17. If a vessel sails directly west along an are of a great 
circle from San Francisco (latitude, 37° 48’ N.; longitude, 122° 
28’ W.), what distance will it have sailed and what direction 
will be its course on arriving at the 180th meridian ? 


Nore. Take the radius of the earth as 3956 mi. 


1s. A ship sails due east from Boston (latitude, 42° 21’ N.; 
longitude, 71° 4’ W.) upon the are of a great circle at the rate 
of 16 knots per hour. Find the latitude and longitude of the 
ship after 48 hours’ sailing. 


Nore. 1 knot = 1 nautical mile = 1 geographical mile = 1’ are of a 
great circle upon the earth. 


19. A triangular pyramid O-ABC has the diedral angle 
along the edge OC = 90°, and the face angles AOC = 48°, and 
BOC=69°. Find the face angle BOA, and the diedral angles 
along the edges OA and OB. 


20. If the three edges of a cube through a point O are OA, 
OB, and OC, find the diedral angle made by the plane ABC 
with either face of the cube. 


CHAPTER XI 
THE OBLIQUE SPHERICAL TRIANGLE 


84. The Theorem of Sines. Leta spherical triangle be repre- 
sented by ABC, Fig. 58. If no angle be a right angle, the 
triangle is called oblique. - 

Draw through angle B the are of 
a great circle to meet the side 6 at 
right anglesinD. Then ADB, CDB 
are right spherical triangles. From 
§ 79, 

sin A = st sin (= sit 2 


sine sin a 


B 


A € Dividing, we have, 
sin A _ sina 
sinC’ sine 


Fig. 58. 


By drawing an are through A perpendicular to a, we may 
derive similarly, 
sinC sine 
sn Bb sind 


Rearranging these two formulas, 


(1) sinA sin B_ sin@ 


sina sind sine 


THEOREM OF SinEs. Jn any spherical triangle the sines of the 
angles are proportional to the sines of the opposite sides. 

Observe the similarity to the corresponding theorem in plane 
trigonometry. 

The theorem of sines enables us to compute a fourth part, 
when two angles and a side opposite one of the angles are 
known, or when two sides and an angle opposite one of the 
given sides are known. 

126 


ose 
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85. The Theorem of Cosines. Sides and One Angle. The 
angle B in the triangle 
ABQ, Fig. 59, is meas- 
ured by the plane angle 
between the tangents 
to AB and CB at B. 
Let these tangents in- 
tersect the radii OA 
and OC produced in 1 
and M. dg. 59, 

Then from the plane triangles LOM and LBM, we have 


IM’? =LO+MO—2L0 x MO x cosh, 
LM’ =LB + MB —2LBx MB xcosB 
Subtracting, 
0=LO’—~LB + MOC ~— MB -—2L0 x MO x cosb 
: +2LBx MB x cos B, 
or, 0= 0B + OB’ —2 L0 x MO x cosb 

+2LBx MB x cos B. 
Transposing the negative term and dividing by 2 LO x MO, 


we find > 
’ OB LB MB 
sh= a : = s 
a 0x MO’ LO” MO’ 


and substituting the ratios from the right triangles LBO, MBO, 


(2) cos b = cos €cos 4+ sinc sin a cos B. 


Making symmetrical interchanges of the letters, 
(3) cos c = cos acos b + sin a sin b cos Cs 
(4) cos @ = cos b cosc + sinbsine cos A. 


THEOREM OF CostnEs. In any spherical triangle, the cosine 
of any side equals the product of the cosines of the other sides in- 
ereased by the product of their sines multiplied by the cosine of the 
included angle. 


Formulas (2), (3), or (4) will determine a side when the 
other two sides and their included angle are given; or they will 
determine the angles when the three sides are given. These 
formulas are not adapted to logarithmic calculation. 
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MopiFIED Formuta. If one side only be required, with 
two sides and the included angle given, it is sometimes con- 
venient to modify formulas (2), (3), (4) so as to permit loga- 
rithmic calculation. 

For example, let 5, c, A be given, then a is determined by (4), 


cos a = cos bcos ¢ + sin bsin e cos A. 


Let 
cos BD cot b 
= — ; A 
tan sinbcos 4A cos A” ‘4 
then, sin? = cos 6 


(cos*6 +sin? 6 cos? Ayt 
With this substitution, cos a may be written 


cos a = © sino +e). (B) 
sin 8 


To find side a, first find 6 by equation (A), then substitute 
@ in (B) and determine a. Use logarithms. 

86. The Theorem of Cosines. Angles and One Side. By 
substituting in 

cos 6 = cos ¢ cosa+sine sin a cos B, § 85 (2) 

the values 

6=180°— B’, e=180°— C’, a=180°— A’, B=180° — 3’, 
where B’, C’, A’, 6’ belong to the polar triangle, we find 


cos (180° — B’) = cos (180° — C’) cos (180° — A’) 
+ sin (180° — C’) sin (180° — A’) cos (180° — 8’); 


reducing, and changing signs, 
cos B' = —cos C’ cos A! + sin C"’ sin A’ cos 8. 
Omitting accents, we have 
(9) cos B = — cos C cos 4 + sin C sin A cos b. 
Formulas (8) and (4), § 85, by similar substitutions become 
(6) cos C = — cos A cos B + sin A sin B cos c. 


CT) cos A = — cos B cos C + sin B sin C eos a, 
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87. The Half-angle Formulas. By transformations similar 
to those employed in § 50, formulas (2), (3), (4), § 85, and 
(5), (6), (7), § 86, may be changed so that logarithmic com- 
putation may be used to determine the angles of a spherical 
triangle in terms of the sides, or the sides in terms of the 
angles. 

(1) To derive tan LB, tan $C, tan 4A. 

Taking (2), § 85, 

cos b= cos e cos a+ sine sina cos B, 
and solving for cos B, we find 

(A) . ous B= 6 — cos ¢ cos a 

sine sina 

Subtracting both members of equation (A) from unity, and 
recalling that 

1—cos B= 2 sin? 1B, § 37 
we have 
2 sin? 4 Ba cose cos a + sin : sin a — cos } 
sin ¢, sin a 
_ cos (¢ — a) — cos b § 34 
sin e sina 
2 sin 3 (6 + ¢—a)sin 3 (a+b —e) § 38 (22) 
sine slid 
Dividing by 2, substituting 
at+tb+e=238, b+e¢—a=2(s—a), a+b—c=2(s—¢), 
and extracting the square root, 
; sin (s — a)sin(8 — ¢) 

) so \ sin ¢ sina 

Adding unity to both members of equation (A), we have 
cos 6 — (cos ¢ cos a — sin ¢ sin @) 


sine sina 


_ cos b — cos (¢ + 4) 


sin e sin a 


_ 2sind(a+b+e)sing(e+a—5) 


sin ¢ sina 


() sory ergensen(e— 2): 


sin e sina 


1+ cos B= 2 cos?} B= 
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Dividing (B) by (C), and writing symmetric results for the 
angles Cand A, we find: 


ta sin (s— @) sin (s —¢) _ k 
) Soe sin s sin (s — 0) sin (s — b)’ 

BAS sin(s — 6) sin(s — a) _ k 
@) ie ON sin s sin (s — ¢) sin (s—c)’ 

1 4 —./Sin(s — €) sin (s— 6) _ kK 
oD baal Sisto sin s sin (s — a) sin(s—a@ 


where & is defined by 


/sin (s — a) sin (s — 6) sin (s— @) | 
sin 8 


k= 


Formulas (8), (9), (10) are well adapted to logarithmic cal- 
culations of the angles when the sides are given. 

(2) To derive tan}b, tanic, tanda. Values for tan 46, 
tandc, tanda, may be derived directly from (5), (6), (7, 
§ 6, by ieneiace similar to that employed for tan 3 B, 
tan 3 C, tan} A. 

Another method consists in transforming (8), (9), and (10) 
directly into the required values of tan}6, tande, tanda by 
means of the polar triangle. In (8) let us substitute 

B= 180° — 0’, a=180°— A’, 6=180°— BY, e=180°— C’, 

4B=90°— 20, Ie +6b+¢)=270°_-8, 
s—b6=90°— (S— B’), s—e=90°— (S— 0), 


where 
S=)(4'+ B+ 0") >90. 
Then we have 


tan (90° — 28") pe aad Rs CS — A] sin [90°— CS— 07] 
: sin (270° — S) sin [90°— (S— BY] 


or, 
cot 10’ nee (S— A’) cos CS — ir 
— cos S cos (S— B') 


with similar expressions for cot 3 Ze! , and cot da 


Taking the reciprocal, and omitting accents, we have 


11) tan15 —4/_— cos S cos (S—B)  _ = 
C1) tan, Voos (S — A) cos (8 — 6) OTB, 
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12) tante=./_—cosScos(S—C) _ 2 
(12) tanje Vee SS 2 K cos (S— C), 


1 Bee — cos Scos(S— A) _ ee 
(13) tanja Va C) cos (S— By = 8 (S- A), 


where — 


S| en ". e 
cos (S — A) cos (S — B) cos (S— C)* 


Nore. It may be shown that &, used in (8), (9), (10), is equal*to the 
tangent of the radius of the small circle inscribed in the spherical triangle 
ABC, and that K, used in (11), (12), (13), is equal to the tangent of the 
radius of the small circle circumscribing the triangle ABC. 


88. Napier’s Analogies. Dividing tan} B by tan} C, for- 
mulas (8), (9), § 87, we have 
tan} B_ sin(s—e) 
tan 3 aaa: sin(s— 6) 
Taking this equality by composition and division, 
tan} B+ tanZC _ sin(s—c) + sin(s—b) 
tan} B—tan3C ~ sin(s—¢) —sin(s—6)’ 
which reduces to 


sin3(B+C) _ sin} (28+ 6 — ¢) cos 3 (4 —¢) 


sin}(B-C) pele ree ATT Ear 


and finally, 


cis) rat CL Rl 
sins (B-—C) tan; (b— ©) 

Similarly, 

(15) sing (C+ A) _ tan} 
sink(C— A) tan} (c—a) 

(16) sin5(A +B) tan}e 


——_——_— = —,—_—-: 
sin; (4A — B) tan5(@— b) 


Another formula may be obtained by multiplying tan } B by 
tan 3 C. 


sin(s — a) 


tan 3B tan} C= : 
sin s 
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Write tan $ B and tan }C in terms of sines and cosines, and 
take the equation by division and composition, 
cos } Bcosi C—sini Bsin} C_ sins —sin(s— a) 
2 Me a ae ee : : 
cos} Boos} C+sin$ Bsin}C  sins+sin(s—a) 


and reduce, giving 


cos 5 (B+ 3 Sa tanba 
(17) PN eR oa ae TA 

cos 5 (B— C) tan 5 (6+€) 
Similarly, 

cos3(C+A) tan} d 
(18) SS VP Gy eae ee 

cos 5 (C — A) tan 5 (¢+ @) 

1 1 

cos 5 (4+ B) tan5c¢ 

C19) i = = 


cos}(4—B) tan} (a+b) 


The formulas (14) to (19) are known as Napier’s Analogies. 
Numbers (14) and (17) enable us to compute the sides 4, e¢, 
when the opposite angle B,C, and the included side a are 
known. The Theorem of Sines, § 84, then determines the 
remaining angle A. 

Napier’s Analogies appear also in another form which may 
be derived by means of the polar triangle. 

By substituting a=180°— A’, A=180°—a’, and so on, let 
the student deduce from (14) to (19) the following: 


(20) get ES ws : 
sin 5 (6 —¢) tan 5 (B-C) 

(21) at A cae 
sin 5 (¢— @) tan 5(C— A) 

(22) ain ales er sr id 
sin 5 (a — b) tan; (4— B) 

and 

(23) watt ad ; 
cos 3 (6—c) tan5(B+C) 

(24) eos (C+ a) _ cot 5 B 


eos3(e—a) tan} (C+ A)’ 
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1 1 
M b t? 
(25) sed da ie : 50 
cos 5 (a— b) tan 5 (4+ B) 
89. The Area of a Spherical Triangle. The sum of the three 
angles of a spherical triangle is greater than 180°. If A, B, C 


be the angles, A+B+ C—180°=H# 


determines the spherical excess of the triangle. 

In spherical geometry it is shown that the areas of spherical 
triangles are to each other as their spherical excesses. <A tri- 
rectangular triangle has an area }7? and its excess is 90°. 
Hence, if A denote the area of any spherical triangle whose 
spherical excess is H°, and R be the radius of the sphere, we 


have 
A:ir?:: £: 90, 


or 


The spherical excess # is readily found when the angles of 
a spherical triangle are known. 

The value of # may be determined directly when the three 
sides are known. The resulting formula is known as L’ Huilier’s 
Theorem, and is given by 

tan 7 vtan 8 tan }(s — a) tan }(s— 6) tan $(s — ¢). 


The Sane of this formula will not be given here. 


90. Solution of Oblique Spherical Triangles. When any three 
parts of a spherical triangle are given, the remaining parts may 
be found by use of the Theorem of Sines, the Half-angle 
Formulas, or by Napier’s Analogies. Six cases occur. 


Case I. Given the three sides, a, 6, ec. To determine the 
angles A, B, C, we use the half-angle formulas 


k a ae k 
oat A Ee t eo eee 
tan}-A= Waa) an} B= TN an } rears 
where k= A ie Oe (#— a)sin (s — 6)sin (8 —¢), 
sin s 


Employ logarithms in the calculation, tabulating work after 
the form suggested in the solution of plane triangles. 
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Case II. Given the three angles, A, B, C. Determine the 
sides a, b, ¢ by use of 
tan 4a = Kceos(S — A), 
tan }b = Keos(S— B), 
tan}¢= Keos(S— 0), 


— cos 8 


tS Nees A) cos (S'— B) cos (S'— C) 


In this case cos S is always negative. 


where 


Case III. Given two sides and the included angle, ec, a, B. 
To find Cand A use Napier’s Analogies: 


cosi(c—a 
tan i C4 Dae a cot 3 B, 


ark 
tan $(0— A) = 222) cot 4B. 
wee Beane a ing Ogre ise 
In the first of these formulas cot } B is positive, cos 4 (e — a) 
is positive; if cos $(¢+a) be positive, the tand(C+ A) is 
positive, and (C+ A)< 90°. If cosd(¢+ a) be negative, the 
tan 3(C'+ A) is negative, and 4( C+ A)> 90°. 
After the angles C and A have been found, the side 6 may 
be determined by means of the Theorem of Sines, 
sin a sin B- 
sin A 
In using the Theorem of Sines care must be exercised in 
determining whether 6 lies in the first or second quadrant. 


sin 6 = 


CAsE IV. Given two angles and the included side, B, C, a. 
Formulas (17) and (14) of Napier’s Analogies determine 6 


and e. 
1(B_-C 
tnd (RE DS OES SO) ia, 
3 (b+ ¢) cos (B+ 0) anda 


tan 1 (82 bys a SS © ae 
ae ee sin} (6+ C) ana 
The first of these formulas shows that if 4(B + C)> 90°, then 


will $(6+c¢) >90°, and inversely. The angle A may be 
determined by the Theorem of Sines. 
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Case V. Given two sides and an angle opposite one of them, 
b,c, B. Here, the angle Cis given by 
sin Q — Sime sin B 

sin 6 

(1) If sin esin B 
> sin 8, no solution 
exists. 

(2) If sine sin B 
=sin 6, the angle 
C= 90°. C’ 

Fig. 60. 

(3) If sine sin B 
< sin}, either one or two solutions will occur; see Fig. 60. 

After C has been found, angle A and side a may be obtained 
from 


th Aa cose +e) ;, 1 ; 
cot } aca th a) tan}(B+ 0), 


, _cos4(B+ C) 
tanda ama he 0) 6) tan } (6+ ¢). 
Case VI. Given two angles and a side opposite one of them, 
B, C,6. The side ¢ is given by 
sin } sin 
sin B 
This case may also have no solution, one solution, or two 


solutions. After ¢ has been determined the remaining parts, 
a, A, may be derived from Napier’s Analogies, as in Case V. 


sine = 


EXERCISES 
Solve the following spherical triangles for the unknown parts: 
A=100°, B=T5°, C= 665°. 
a = 27° 40', 6 =48°, e= 650° 40’. 
a= 65°48’, 6=120° 21’, ¢= 84° 21’. 
A= 96°50’, B=75°10'’, C= 96° 50’. 
B=72°30!, A=41°27', ¢=49°17'. 
b= 118° 48’, e=71° 24’, A= 51° 24’. 
a= 72° 48/12", 6=41°38'10"’, C= 88° 24’ 10". 


12 9 P wD HE 


21. 
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. B=129° 24/10", C= 81° 24/30", a= 42°50! 40”. 


a= 112° 40! 15", 6=121°10' 10", O=128° 44’ 15”. 


. A=100° 14'20", B= 140° 40/ 40/’, c= 39° 28’ 15”. 


b= 54°21', e= 31° 48’, B=100° 10’. 


, A=101° 40, e= 62°21, a= 104° 24. 


b= 40° 16/10", ¢=46° 48’ 40", B= 56° 21’ 50”. 
a= 87° 10! 20", 6=112°48/, A= 34° 28 15". 
O = 123° 88’, b= 150° 40’, e=10° 21’ 30’ 


. A=140° 29’, C= 24°40’, a=1385° 40’. 
. B=128° 40', C=141° 25’, ¢=125°47'. 
. A=48°3r, C=34°486 c= iP’. 
B= 990 20 C= 8958) a= 40 ar: 


a=T71°47', 6=145° 47’, C= 130° 50’. 
When 6b = 87° 28’, c= 65° 21’, and A = 87° 40’, find side a 


directly by Modified Formula (B), § 85. 


22. Find e directly, (B) § 85, when a= 101° 48’, 6= 100°, 
C= 68° 41’. 
23. Find in inches the perimeter of a spherical triangle with 


sides 68°, 96°, 120°, on a sphere whose radius is 15 in. 


24. 


Find the perimeter of a spherical triangle with angles 


69°, 84°, 100°, upon a sphere whose radius is 10 in. 


25. 


Find the area of the spherical triangle with angles 120°, 


84°, 72°, upon a sphere whose radius is 20 in. 


Find the areas of the following spherical triangles: 


26. 


27. 


A = 24° 30'’", B=140°, C=80°, radius = 12 in. 
a=65°, 6=47°, c=60°, r=15 in. 


. A=100°", B=80°, e= 60°, r=12in. 


b= 87°, ¢= 84°, A=65°, r= 8956 mi. 
B= 104% C= 128 42.188 -= 8056 mi 
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APPLICATIONS OF SPHERICAL TRIGONOMETRY 


91. The Earth as a Sphere. Definitions and Notation. In 
what follows the earth is assumed to be a sphere with a radius 
of 3956 mi. The shortest distance between two points upon 
the earth is the length of the shorter arc of a great circle 
drawn through the two points. 

(1) The Geographical Mile and Statute Mile. The geo- 
graphical mile (called nautical mile, also knot) is a unit of dis- 
tance along the arc of a great circle upon the earth; it is the 
length of an are of one minute of a great circle, hence sixty 
geographical miles equal one degree. The statute mile is our 
ordinary unit of measurement equivalent to 5280 ft. The 
length of one degree of the are of a great circle of the earth 
is given by 

o__ 7 X 3956 


1° = ———_— mi. wr = 3.14159. 
180 


(2) Meridian, Longitude, Latitude. A great circle drawn 
through the poles W, S, and through any point B, Fig. 61, is 
called the Meridian of the point B. 

Meridians are numbered to the east and west with reference 
to some zere meridian. The meridian passing through Green- 
wich (near London), England, is usually taken as the zero 
meridian, V@PS, Fig. 61. The meridian of Greenwich inter- 
sects the earth’s equator ELMW in P. 

The Longitude of any point B upon the earth is the number 
of degrees between the zero meridian and the meridian through 
B. This angle is measured by the are of the equator PLM, 
or the spherical angle GVB. The longitude of Fis the arc 
PEL, or the angle GNF. 

The meridians are numbered by degrees, minutes, and sec- 
onds from 0° to 180° east (marked E.) and west (marked W.) 
of the Greenwich or zero meridian. Thus the point B is in W. 
longitude, also the point F. 

The Latitude of a point B is the are of the meridian of the 
point intercepted by the equator and the point. The latitude 
of Bisthe are MB. Latitude is counted positive or negative 
according as the point is north or south of the equator; the 
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direction is usually indicated by attaching N. or S. to the 
number of degrees in the latitude. 

As sampleés of the notation of latitude and longitude we may 
write : 

(1) New York, lat. 40° 43’ N., long. 74° W. 

(2)° Boston, lat. 42° 21’ N., long. 71° 4 W. 

(3) Greenwich, lat. 51° 29’ N., long. 0°. 

(4) Liverpool, lat. 53° 24’ N., long. 3° 4’ W. 

(5) San Francisco, lat. 37° 48’ N., long. 122° 28’ W. 

(6) Valparaiso, lat:.33°'2-S., lone TH 41 W. 

(7) Calcutta, lat. 22° 33’ 'N., long. 88° 19’ E. 

(8) Sandy Hook, lat. 40° 28’ N., long. 74° 1’ W. 


92. The Terrestrial Triangle. When the latitude and longi- 
tude of any two points upon the earth are known, the distance 


S 
Fig. 61. 


between the points may be found. Thus, in Fig. 61, if the 
point B be in lat. «° N., long. 8° W., and F be in lat. a, N.; 


long. B,° W., the spherical triangle NFB is completely deter- 
mined as follows: 


a 


> i 
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are NB = 90° — a° = complement of the latitude of B, 
are NF’ = 90° — a:° = complement of the latitude of 7’, 


angle BNF = B,° — B° = difference in longitude of B and F. 


This data gives two sides and the included angle of the triangle 


NFB. 


(1) To find the distance between two points whose latitude and 
longitude are given. If the distance BF, Fig. 61, alone be re- 
quired, we have to solve the spherical triangle BVF for BF. 
This may be done by the use of (B), § 85, in which logarithmic 
calculation may be employed. 


Bra cosNF in(O __ sin = 
cos at sin(@+ WB) in@ a * cos(a— @), 
tan @ = 0% NF _ ._ tana, 


~ cos BVF  cos(8,;— 8) 5 


The arc BF may also be obtained by use of the Cosine 
Theorem (2), § 85, 


cos BF = cos VNB cos NF' + sin VB sin NF cos BNF, 
= sin asin «, + cos @ cos a, cos (B,; — 8), 


but the use of this formula is not to be recommended except 
perhaps when the angles are such that the products sin asin a,, 
cos « cos @, cos(8,— 8) reduce readily by ordinary multipli- 
cation. 

(2) To find the bearing and distance of two points whose lati- 
tude and longitude are known. The angle WBF, Fig. 61, is the 
bearing of F from B; the angle VFB is the bearing of B from 
F. The bearing of a course at a given period is usually con- 
sidered as the smaller angle which that course makes with the 
meridian through the point. Thus in the figure, the bearing 
of F from B is N. 7° W., if y= Z NBF< 90°; the bearing of 7 
from B is 8. ,° W., if y> 90° and y, = 4 SBF = 180° — ¥. 

When the bearing, or bearing and distance, of two points 
whose latitude and longitude are given, is required, Napier’s 
Analogies, (20), (23), § 88, may be used to find the angles 
NBF and NFB. The side BF may then be found by use of 
the Theorem of Sines, (1), § 84. 
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EXERCISES 


1. Find the distance in knots between Boston, lat. 42° 21’ N., 
long. 71° 4’! W., and Liverpool, lat. 53° 24’ N., long. 3° 4’ W. 
Find also the bearing of each port from the other. 

2. Find the distance in statute miles along the are of a 
great circle from New York, lat. 40° 43’ N., long. 74° W.., to 
San Francisco, lat. 87° 48’ N., long. 122° 28’ W. 

3. Find the distance in nautical miles from New York, 
lat. 40° 43’ N., long.. 74° W., to Greenwich, lat. 51° 29’ N.., 
and the bearing of each point from the other. 


4. If a vessel sails directly east from Sandy Hook, lat. 
40° 28’ N., long. 74° 1! W., along the are of a great circle at 
the uniform rate of 16 knots per hour, find its latitude and 
longitude (1) at the end of 48 hours’ sailing, (2) at the end of 
five days’ sailing. 

5. Find the distance in statute miles from San Francisco, 
lat. 37° 48! N., long. 122° 28’ W., to Calcutta, lat. 22° 33’ N., 
long. 88° 19’ E., and the bearing of each point from the other. 


93. The Celestial Sphere. Astronomical problems furnish 
many applications of spherical trigonometry. One class of 
these problems will be noticed here. 

The daily rotation of the earth upon its axis from west to east 
causes the stars to seem to rotate from east to west upon the 
surface of an immense sphere named the celestial sphere. Toa 
person located at any point upon the earth one-half of this 
sphere is visible. The celestial sphere is represented in Fig. 62, 
the earth being a mere point at the centre. 

(1) The Horizon of any point upon the earth is the intersec- 
tion of the horizontal plane through the point with the celes- 
tial sphere. In Fig. 62, the horizon is the great circle HLH’. 

(2) The Zenith of any point is the intersection of the perpen- 
dicular erected to the plane of the horizon at the point. The 
point on the celestial sphere diametrically opposite the zenith is 
the Nadir. In the figure Z is the zenith, Z’ is the nadir. 

(3) The Celestial Poles are the intersections of the line of 
the earth’s axis with the celestial sphere. The point Wis the 
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north pole of the celestial sphere, § is its south pole. The 
celestial sphere rotates (apparently) about the axis WS once in 
24 hours. 

(4) The Celestial Equator is the intersection of the plane of 
the earth’s equator with the celestial sphere. In the figure, 
EME’ is the celestial equator, N and S are its poles. 


Z 
Fig. 62. 


(5) The Celestial Meridians are the great circles through V 
and S. The celestial meridian through any star is called the 
hour circle of that star. Thus, WPM is the hour circle of P. 


94. The Celestial Triangle. The position P of any star is 
known if we know its distance PZ above the horizon, and its 
distance PM north or south of the celestial equator. 

(1) The Altitude PL of a star at P is the are of a zenith 
circle ZZ intercepted between the point P and the horizon. 
See Fig. 62. 

(2) The Declination of a star P is the arc PM of the celes- 
tial meridian WPM between the point and the celestial equator. 

(3) The Latitude of the Zenith of any point on the earth is 
the arc #Z and is equal to the latitude of the observer. 

(4) The Hour Angle of any star is the angle between the 
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meridian through the star and the zenith meridian. In the 
figure PVZ is the hour angle. 

Since the celestial sphere apparently rotates through 360° in 
24 hr., or 15° in one hour of time, we may express the hour 
angle in hours, minutes, and seconds, and thus determine the 
time required for a star to rotate into the meridian of the 
zenith. 

The points P, V, Z determine the celestial triangle PZ, 
sometimes called the astronomical triangle. This triangle is 
determined when the latitude of the observer EZ,.the altitude of 
the star PL, and the declination of the star PM are known. 
We have: 

NZ = 90° — latitude of the observer, 
ZP = 90° — altitude of the star, 


PN = 90°— declination of the star. 


If an observation of the sun’s altitude be made in the fore- 
noon, let us say, and the declination of the sun upon that day 
of the year be known, then we may compute the hour angle 
provided the latitude of the observer be known. Having the 
hour angle, we may find the corresponding equivalent in time, 
and thus determine the hour of day at which the observation 
was made. 

The sun’s declination varies from near 23° 30’ south to near 
23° 80’ north declination. At the vernal equinox and at the 
autumnal equinox the sun’s declination is zero. 


EXERCISES 


1. At San Francisco, lat. 37° 48’ N., a forenoon observation 
shows the sun’s altitude as 40° 21’. If the sun’s declination be 
10° 41’ N., what is the time of observation ? 


2. In latitude 40° 21’ N., the sun’s altitude in the afternoon 
was found to be 85° 40’. What was the time of observation, 
if the sun’s declination is 8° 4! S.? 


3. Find the time of sunrise at Boston, lat. 42° 21/ N., the 
sun’s declination being 20° 31! N. 


4. Find the time of sunrise (approximately) at a point whose 
latitude is 39° 10’ N. twenty days after the vernal equinox. 


eee 


CHAPTER XII 
FORMULAS 
PLANE TRIGONOMETRY 


Fundamental Identities. 


1. sinz ese z=coszsecz=tanzcotz=1. 
2. sin?2+cos?z=—1, sec?x—tan?2=1, esc?x—cot?z=1. 


sin x i! secx V1l1—cos*zx 


3. tanz= = = 
cosz cotz cscz cos @ 
; 1 tan 2 
4. snhs=—cosz tan 2 = —$—$— << = —_____—__.. 
Vi+ecot?z WV1-+tan?z 
em! cota 


5. cosx=sinz cotz= 


V1i+tan?s wit cote 


Sum and Difference Formulas. 
6. sin(a#+y)=sinz cosy+cosrsiny. 
7. cos(x+y)=cos 2 cosy ¥ sing sin y. 


_ tanrttany | 
8. Beyer tan y 


cota coty Fl 

coty+cotz 

lo. sinz+siny=2sin}(x+y)cosd(a#—y). 
11. sinz—siny=2cos$(r+ y) sind (a#—y). 
12. cosx+cosy=2cos}(x#+y)cos}(x—y). 
13. cosr—cosy=—2sin} (x+y) sin§(w#—y). 


9. cot(@ty)= 


sin(z#+y) 
14. tant tony = SD), 
. sin (a+ 
15. cots cot y = + =. 
16. poe os tan (2h). 


cos 2 + Cos ¥ 
143 
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sinz+siny_ tan}(@+ y) 
sing—siny tand(@— y) 

1s. sin?2—sin?y=sin(#+y)sin(z7—y). 
19. cos?2 —cos?y¥=—sin(#+y)sin(z—y). 
20. cos?z—sin?y = cos(#+y) cos(@— y). 


a7. 


Half Angle and Multiple Angle Formulas. 


: 4 2taniz 
21. sing=2sin4z2 cos 4 z= ——_*+—- 


1 + tan? 
nS 


22: cos z= cos*4. xz — sin? 3¢4=2cos*d2—1= 1— 2sin?} x 


1—tan*iz 


~THtartia 
hig 2taniz 2cotiz 2 
. tanz= — 
1— tan?iz cot?iz—1 cotdz2—taniz 
cot?iz—1 
24. cotz= 2 =1(cotiz—taniz). 
2cotiz os 27) 


25. singz=V4(1—cosz). 
26. cos4x=Vi(1+cosz). 
27, stn fiat 4) ee oe ee 
l+ecosx l1+cosz sin x 
28. sin22=2sinz cosa, cos22=cos?z—sin?z 
29. sin3x=3sinz—4sin®2, cos82=4cos?2— 3 cosz. 
30. sin4z=sin x(8 cos?z — 4cos 2), 
cos 42 = 8 cost x— 8 cos?z+ 1. 


2 te ot 
a. tne 2 ee tan32—0tane tan? z 


1—tan?z’ 1—38tan?z 
Plane Triangles. 

snA_snB_sinC_ 1_ 
a b eo 
33. Theorem of cosines: a?=0?+ c— 2 be cos A. 


32. Theorems of sines: 


34. Theorem of tangents: 


a+6_sinA+sin B_tan}(A+B) 
a—b sinA—sinB tani} (A—B) 
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35. The half angles: 
- A. i(s—6)(s —e) 
(1) sin c ieee) EIB 


be 
(2) Pore Oe s(¢—a) , where Qs=atb+e. 
2 be 
(3) ee Wey CRLF CISC 
: s(s—a) 
36. Area: Relinidee os = 
sin (4+ B) 


=Vi@—a)@— B= 6) = ar. 
Analytic Trigonometry. 


37. Inverse identities : 
(1) sin-tz+sin1y=sin7?(2V1—y+yV1—2). 
(2) cos“! + cos“! y = cos“! (zy $F V1 — 2? V1 — 9). 


(3) tan-!2+ tan7!y= tan7! ce) ; 


(4) sin2=4sin!?Qz2v1—2*)=47—-cos'!z 
1 

atu) a ain? Co 
arcane » sin-!(—z2). 

(5) cos txa=4cos1(22?—1)=47-sin' 2 
=2 tant 2= sec"! 

38. tine — (e=— o-*), cos z= 1 (el +e), 
2% 2 


tan z= (eas) 


é \e* +e" 
39. sinha=4}(e*—e-*), cosha=}(e*+e7”), 
fash oe to. 
e+e* 


40. e7=cosx+isinz, e-”=cosxz—isinz. 


41. e*=coshz+sinhz, e~” = cosh z— sinh z. 
42. sin (iz) =$(e*—e-*) =tsinhg, 


cos (iz) = }(e*+e-") =cosh 2, tan (ix) =7% 


Gime, 
=? tanh z. 
e*+e-* 


L 
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43. (cosx+isin 2)” = (e”)” =e" = cos nx +7sin nz. 


44. sin (z7+iy) =sin x cos (ty) + cosxsin (iy) 
= sin zcosh y+7icoszsinhy. 


45. cos(x+iy)x=coszcosh y Fisinzsinhy. 
46. cosh*z — sinh*z = sech*z + tanh*z = coth*z — esch*z = 1. 


47. Infinite series: 


(1) (peta d net ROD ty MODOWD 9, 


2 a 2 
2) &=1 
(2) & Yes te ta eet 
(8) log 142) =2-5 45% 4 ae 
3 4 35 
eS 2 Zz! 
(4) RIT id ae 
[6 
(5) cosxr=1— : a fue 
22  1Tai 
6 = ie: 
~ “ is Sig 


0 meee 


a : 
qa 


(8) cosha=14+247% gre aes 
[2 r [6 


(9) tanhe=a2— 2 p52 


48. sinz=2 . — (2) {1 — (=) } {1 = (=)} Fo 
49. cosz= . a (=) i - (==) {1 — (52) — 


50. If sec @=coshz, @= gudermannian of x = gdx. 
(1) @=gdx = sec (cosh 2). 
(2) x=gd-0 = cosh-1 (sec 6). 
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SPHERICAL TRIGONOMETRY 
The Right Spherical Triangle. 


tan 6 re ee tan a 


52. cos A= ane 
tan e sin 6 


54. cose=cosacosb=cot A cot B. 
55. cos A=sin Boeosa. 
56. Napier’s Rules: 
(1) sin (mid. pt.) = tan (adj. pt.) - tan (adj. pt.). 
(2) sin (mid. pt.) = cos (op. pt.) - cos (op. pt.). 
The Oblique Spherical Triangle. 

sinA_ sin B_ sin Cc 


sina sind sine 
58. cosa=cosbcose+sin sine cos A. 
59. cos A=—cos Bcos C+sin Bsin Ceos a. 
Sat hen, A sin (s — b) sin (s — in (8— ¢) 
2 sin s sin (s — a) 
a —cos S cos (GS — A) 
2 cos (S — B) cos (S —C)’ 
x sin 3(A+B)___tange 
sin 3 (A — B) ~ tand(a—6)’ 
cosf(A+B)__ tanje 
cos$}(A—B) tan}(a+b) 
ao, SDE(A+D)___ cot __ 
sind(a—b) tan}(A—B) 


cos 3 (a+b) _ cot gC 
cos } (a— 6) tand (A+B) 


tan 


63. Area, A= si FE, where F is the spherical excess. 


64. tan — = Vtan}s tand(s — a) tan}(s — 6) tan}(s —c¢). 
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PREFACE 


THE following Tables have been prepared to accompany the 
author’s “Plane and Spherical Trigonometry.” The beginner 
in trigonometric calculation should be taught the use of tables 
supplied with the most convenient means of interpolation. To 
secure this end, proportional parts have been inserted in the 
Tables of Logarithms of Numbers and Logarithms of the Trigo- 
nometric Functions. A proper use of these devices is especially 
recommended. 

Numerical caleulation is a laborious process at best. By the 
professional computer, as well as by the beginner in elementary 
trigonometric calculation, every facility for obtaining the required 
degree of accuracy with a minimum of time and labor should 
be sought. To this end it is recommended that (1) tables with 
a minimum of decimals consistent with accuracy be used, (2) for- 
mulas be arranged in a systematic manner, (3) data as well as 
logarithms be systematically tabulated, (4) a skilful use of pro- 
portional parts be acquired, (5) logarithmic calculations upon 
scraps of paper be at no time permitted. 


CONTENTS 


SEMEN Veh. Sg) ew Sy i al, ee ae 
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2. Laws for the Use of Logarithms 
3. The Co-Logarithm 
Explanation of Tables 


LoGarirams or Numpers, TABie I 
1. Common Logarithms of Numbers 1 to 100 
2. Common Logarithms of Numbers 100 to 10,009 
3. Proportional Parts 


LOGARITHMS OF THE TRIGONOMETRIC FUNCTIONS, TABLE IT 
1. For every second 0” to 3’, and 89° 57’ to 90° . 
2. For every ten seconds 0° to 2°, and 88° to 90°. 
3. For every minute 0° to 90°, and for 0° to 360° 
4. Proportional Parts and Differences’. 


NaturaAL TrRIGONOMETRIC Functions, TABLE III. 


MisceLLaNneous TaBLes 
1. Radian Measure, 0° to 180° 
2. Natural (Napierian) Logarithms 
(A) For integers, 0 to 200 : : 
(B) For each tenth,1to9.9  . 5 - 7 
3. The Hyperbolic Functions, sinh z, coshz . : 


INTRODUCTION 


LOGARITHMS may be used to diminish the labor of numerical 
calculations involving multiplication, division, involution, and evo- 
lution by replacing these operations, respectively, by addition, 
subtraction, multiplication and division. 


1. Definitions. (1) The exponent by which a number a must 
be affected to produce a number N is called the logarithm of N to 
base a. 

In symbols, if a* = N, 
loga N = =. 


(2) There are two systems of logarithms in use: 

(a) The Common System. (Briggian System) in which 10 is 
the base, 

(6) The Natural System (Napierian System) in which — 
e = 2.71828.-- is the base. 


EXAMPLFS. 10? = 100, log, 100 = 2. 
1077 — 171, log, 171 = 2.23300. 
e414 — 30, log, 30 = 3.40120. 


All ordinary calculations are performed by use of logarithms 
to the base 10. See Tables I, II. 

Theoretical calculations in the higher mathematics sometimes 
require the use of natural logarithms. See Tables IV, 2, (A), (B). 

(3) A logarithm of a number usually consists of an tnteger 
and a decimal. The integral part of a logarithm is called the 
characteristic, the decimal part is called the mantissa. 


2. Laws for the Use of Logarithms. 
(1) Law or Factors. The logarithm of a product equals 
the sum of the logarithms of the factors. 


log (A x B x C) = log A + log B + log C. 


(2) Law or Quorrents. The logarithm of a quotient equals 
the logarithm of the numerator diminished by that of the denomi- 
nator. 
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(3) Law or Invotution (on Evonutron). The logarithm 
of a number affected by an exponent equals the exponent multiplied 
by the logarithm of the number. 


log (A) =n x log A, 


Pp 
log (A)4 =S x log A. 


The laws of products, quotients, and involution (or evolution) — 
hold for logarithms to any base. 

(4) LAw oF THE CHARACTERISTIC. The common logarithm 
of a number has a characteristic one unit smaller than the number 
of digits to the left of the decimal point. 


Thus, log 476.8 = 2.67834, log 0.4768 = 1.67834, 
log 47.68 = 1.67834, log 0.04768 = 2.67834. 


In case of a pure decimal the same law of characteristic holds, 
the number of digits being counted as negative. A negative 
characteristic is usually indicated by a dash over the integer. 


log 0.04768 = 2.67834. 


In calculations involving negative characteristics, 10 is usually 
added, making the characteristic positive. 


Thus, log 0.917 = 1.96287 = 9.96237 — 10. 


In case of root extraction, it is convenient to add 10 multi- 
plied by the index of the root to be extracted. Thus, 


log (0.0782)? =4 x log 0.0732 =4 (3.86451) = 4 (28.86451— 30) 
= 9.62150 —10=1.62150. 


In this example, 3 or any multiple of 3 could have been added 
and subtracted. 
(5) LAw oF THE MAntTissa. The mantisse of the loga- 


rithms of all numbers composed of the same sequence of digits are 
the same. 


Thus, log 5297 = 3.72403, log 0.5297 = 1.72408, 
log 52.97 = 1.72403, log 0.05297 = 2.72403. 


3. The Co-Logarithm (Arithmetical Complement). The co-loga- 
rithm of a number is the logarithm of that number subtracted 
from unity or from 10. Thus, 


co-log 824 = 10 — log 824 = 10 — 2.91593 = 7.08407. 


The co-logarithm of a number may be written down by beginning 
at the left-hand digit of its loyarithm and subtracting each digit 
Srom 9 except the last significant one, which must be taken from 10. 
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In performing division by means of logarithms, the loga- 
rithm of the denominator must be taken from that of the nu- 
merator. Instead of subtracting the logarithm of the denomi- 
nator, its co-logarithm may be added to the logarithm of the 
numerator. 


EXAMPLE. log (564 + 328) = log 564 — log 328 
= log 564 = 2.75128 

+ co-log 328 = 7.48413 

= 0.23541 


The common logarithms shown in Tables I and II are 
approximations to five decimal places of mantisse. Table 
Ill shows the natural values of the trigonometric functions 
to four decimal places. Table IV contains a miscellaneous 
collection of short tables each of which is indicated by its 
title. 

In any one of these Tables a dash underneath a terminal 5, 
thus 5, indicates that the true value is smaller than 5. 


EXAMPLE. log 7292 = 5.86285 to five decimals, but from six- 
place tables, log 7292 = 3.862847. 


TABLE I 


This Table, pages 1-19, shows the common or Briggian loga- 
rithms of numbers from 1 to 10,009. On page 1 the character- 
istics and mantiss of the logarithms of numbers from 1 to 100 
are shown; pages 2-19 show the mantisse only, the character- 
istics being supplied by Law of the Characteristic explained 
above. 

Pages 2-19 show the first three digits of the number, whose 
logarithm may be required, in column marked N; the next digit 
is in acolumn with the proper heading, 9, 1, 2, ---, 9, shown in 
the horizontal row at top and bottom of the page. If a number 
consists of more than four digits its logarithm may be approxi- 
mated by using the column marked proportional parts (Prop. 
Pts.). The first two digits of the mantiss are shown in column 
marked 0; an asterisk * in this Table indicates that the first two 
digits of the mantisse must be taken from the following hori- 
zontal row. 

EXAMPLES. 1. Find log 4876. 

(1) Find first three figures 487 in column N, p. 9. 

(2) Follow along the horizontal row of 487 to column 6, 


(3) We now have the mantissa, 68806. 
(4) Determine the characteristic, 3 


.*. log 4876 = 3.68806. 
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2. Find log 54978. 


(1) Find the first four figures, p. 10, as above. 
(2) Determine the characteristic, 4. 


log 54970 = 4.74018. 


The first two figures of the mantissa come from line below. 
(3) On the same page, log 54980 = 4.74020, 
showing an increase of 7 in the mantissa for 10 in the number. 
(4) An increase of 3 in the number = ;’5 x 7 = 2.1 in the mantissa. 


.. log 54973 = 4.74013 + 2 = 4.74015. 


The difference in successive mantisse on page 10 will be found 

to be 7, 8, or 9; and the corrections for a fifth figure 1, 2, 3, 4, 5, 

6, 7, 8, 9 are shown in the marginal column marked Prop. Pts. 
3. Find log 34.4764. 


We find the first four digits on p. 6, 


log 34.4700 = 1.53744, tabular difference 13, 
correction 6 = 7.8, from Prop. Pts. column, 
correction 0.4 = 5, 
. log 84.4764 = 1.53752 


4. Find WN, when log WV = 3.57824. 


(1) The characteristic 3 shows that NV has four digits to the left of the 
decimal point. 

(2) Find the mantissa nearest to 57824, p. 7. This is 57818, which is 6 
smaller than the given mantissa. 

(3) From p. 7, 


N = 3786 + corrections for 6 in a tabular difference of 12. 
. NV = 8786.5. 


The Prop. Pts. column shows this correction at once. A little 
practice will enable the computor to make the corrections men- 
tally, merely writing down the corrected result. 


TABLE II 


Table II, pages 22-73, contains five-place logarithms of the 
trigonometric sine, cosine, tangent, and cotangent for angles 0° 
to 90°. In this Table 10 has been added throughout to each 
characteristic. 

Page 22 shows the common logarithm of the sine and tangent 
for each second from 0” to 3/, and the logarithms of cosine and 
cotangent for every second from 89° 57! to 90°. 

Pages 23-28 show the logarithmic sine, tangent, and cosine 
for every 10’’ for angles 0° to 2°, also the logarithmic cosine, 
cotangent, and sine for every 10’ for angles from 88° to 90°. 
Corrections for intermediate seconds may be easily interpolated. 
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Thus, . 
log sin 1° 6’ 36’’=log sin 1° 6’ 30+ correction for 6. See p. 26. 
log sin 1° 6! 40" = 8.28761 
log sin 1° 6! 30" = 8.28652 
ts of difference = 4'; x (109) = 65.4 
Hence, log sin 1° 6 36” = 8.28652 + 65 = 8.28717. 


Pages 29-73 contain the logarithms of the sine, tangent, co- 
tangent and cosine for each minute of are from 0° to 90°. The 
degrees are indicated at the top and bottom of each page, the 
minutes are in columns at the left and right of the page. 

In columns marked d. are the tabular differences of the log - 
sine and log cosine for each minute. In column marked ¢. d. 
are the tabular differences for the log tangent (log cotangent). 
These tabular differences show the correction for 60”; any 
smaller number of seconds, for example, 35’, would have 23 of 
this tabular correction. In proportional parts (Prop. Pts.) col- 
umn, these corrections are reduced to scale of 1”, pages 29-34. 
On pages 35-73 the tabular corrections are reduced so as to show 
the corrections for 6”, 7”, 8”, 9”, 10”, 20”, 30”, 40”, 50”. By 
pointing off the corrections for 10”, 20”, 30”, 40", 50”, corre- 
sponding corrections for 1”, 2”, 3”, 4”, 5" may be obtained. 

The corrections for seconds should be made mentally by aid 
of the proportional parts column, and the result of the corrected 
- logarithm may be written at once. 


ExAMpLyes, 1. Find log sin 28° 37/ 21”. 


From p. 57, log sin 28° 37’ = 9.68029, tabular difference 23. 
Prop. Pts. for 20” = et) 
Prop. Pts. for 1” = 38 


.. log sin 28° 87/ 21” = 9.68037 


2. Find log cos 16° 48! 24”. 


On p. 45, log cos 16° 48’ = 9.98106, tabular difference 4. 


Prop. Pts. for 20” = 1.3 } 
Prop. Pts. for 4” = ‘gp to hm wobteerted, 
9.98104 


Correction for log cosines and log cotangents are to be subtracted. 


3. Find the angle z, when log tan x = 9.65948. 
(1) Find in log tan column a log as near the given one as possible, p. 53. 
(2) log tan 24° 32’ = 9.65937, 


with a difference of 11 to a tabular difference of 34. 
(3) In Prop. Pts. column 11 to a scale of 34 shows a 20” correction. 


«. = 24° 824204. 
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4, Find the angle 2, when log cot « = 9.48726, 
(1) On p. 46, in log cot column, 
log cot 72° 56’ = 9.48714, 


with a difference of 12 to a tabular difference of 45. 
(2) In Prop. Pts. column 45, 


Correction for 10” = 7.5 
Correction for 6” = 4.5 
Hence, correction for 16” = 12.0 


(3) Since cotangents increase with decrease of angle, subtract the 16” cor- 


ad 


rection, giving z = 72° 55! 44”. 


In addition to the acute angle set at the top and bottom of 
each page in the Table, pages 29-73, 90° + the acute angle, 180° 
+ the angle, and 270° + the angle are printed in smaller type. 
Since the trigonometric functions of 90°+ 2 and 270°+ x change 
to co-functions of 2, and the functions of 180°+ 2 retain their 
names, we may find the logarithms of the trigonometric func- 
tions of any one of these larger angles. In each case the sign 
of the function must be noted as shown in the following table: 


° 
90° + 2 | + cosz | —sinz | —cota | —tanz| —esez | + sece 
| 
180° + z| — sina | — cosa 1a Ei) Ft coke —secx | —ecscr 


x sin xz cos x tan x / cotz | SC@Zz csc & 


270° + #| = cosa | - sing | —cotz | — tans | +esezx | — seer 


In the Table the angles marked by an asterisk (*) are made 
up of 90°+ 2, or 270°+ x2; this mark indicates that the co-func- 
tion of x is to be taken. Otherwise the direct function of z is 
to be taken, proper regard being had for the algebraic sign in 
each case. 


TABLE III 


Pages 75-93 contain four-place tables of the natural trigono- 
metric functions for each minute. The sines and cosines ap- 
pear upon the left-hand pages, the tangents and cotangents 
upon the right. 


TABLE IV 


Table IV, pages 95-99, contains (1) a table of radian measure 
0° to 180° for each degree; also for 1’ to 60! and for 1” to 60”; 
(2) two tables of natural logarithms of numbers from 1 to 200 
and 1 to 9.9 by tenths; (8) a table of hyperbolic functions, 
sinh #, cosh 2, # varying from 0.01 to 1 by hundredths. 
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TABLE I 


COMMON OR BRIGGIAN LOGARITHMS 


OF 


NUMBERS 


From 1 to 10009 


Nots. A * in Table I indicates that the first two digits of the mantissa are 
to be taken from the following line. 
A dash underneath a terminal 5, thus 5, indicates that the true value is less than 5. 


log log ) log log 


00 000 | . 32 222 | . 61 278 #78533 . 90 849 
30 103 . 34 242 | | 1. 62 325 » 62 239 . 91 381 
47 712 | “30.175 1 163:347 / 2 12 O34 ¥ - 91 908 
60 206 | 1. 38 021 . A 345 | 1. 80 618 92 428 
69 897 |} 25 | 1.39 794 5 » 65 321 : . 81 291 » 92 942 


77 815 | «41 497 . 66 276 - 81 954 - 93 450 
84510 | ; « 43 136 . 67 210 . 82 607 } « 93 952 
90 309 | | 1. 44 716 . 68 124 . 83 251 | . 94 448 
95 424 | 1. 46 240 , . 69 020 . 83 885 . 94 939 
00 000 oT FLZo bss . 69 897 . 84 510 ~ 95 424 
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27 875 . 59 106 ett 085 . 89 763 . 99 564 
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100-150 


Prop. Pts. 


44 |43| 42 


4-4] 4.3] 4.2 
8.8] 8.6| 8.4 
13.2|12.9|12.6 
17.6|17.2|16.8 
22.0|21.5|21.0 
26.4|25.8 
30.8/30.1 
35-2|34.4 
39.6/38-7 
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6 7 8 | 9 Prop. Pts. 
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355 | 384] 412 | 441 
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921 | 949 | 977 |*005 
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TABLE I 


FIVE—PLACE LOGARITHMS 


TRIGONOMETRIC FUNCTIONS 


TABLE II contains the common logarithms of the trigonometric 
functions for angles from 0° to 90° as follows : 

(1) log sin « = log tan e, for every second 0° to 3’, and log cos 8 = 
log cot 8, for every second, 89° 57’ to 90°, page 22. 

(2) logarithms of sine, tangent, and cosine for every 10” from 0° 
to 2°; also the logarithms of sine, cosine, and cotangent for every 
10” from 88° to 90°, pages 23-28. 

(3) logarithms of each function for every 1! from 0° to 90°, pages 


29-73. 
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#x \ LoGarirHMs oF THE TRIGONOMETRIC FuNcTIONS 


0° 


5 voll log sin log tan | logcos |” ’ | ’” | log sin | log tan | logeos | ”’ 
i ei ae ; —— 

00| —oa —.«% | 10,00000| 0604100 | 7.46 373 | 7.46 373 | 10.00000 | 050 
10! 5.68 557 | 5.68557 | 10.00000 | 50 10 | 7.47 090 | 7.47 091 | 10.00000 | 50 
20 | 5.98 660 | 5.98 660 10.00000 | 40 20 | 7.47 797 | 7.47 797 | 10.00000 | 40 
30 | 6.16 270 | 6.16° 270 | 10.00000 | 30 30 | 7.48 491 | 7.48 492 | 10.00000 | 30 
40 | 6.28 763 | 6.28 763 | 10.00000 | 20 40 | 7.49 175 | 7.49 176 | 10.00000 | 20 
50 | 6.38 454 | 6.38 454 | 10.90000 | 10 50 | 7.49 849 | 7.49 849 | 10.0000 | 10 __ 

1 0| 6.46 373 | 6.46 373  10.00000 | 059110 | 7.50 512 | 7.50 512 | 10.00000 | 049 
10 | 6.53 067 | 6.53 067 | 10.00000 | 50 10 | 7.51 165 | 7.51 165 | 10.00000 | 50 
20| 6.58 866 | 6.58 866 | 10.00000 | 40 20 | 7.51 808 | 7.51 809 | 10.00000 | 40 
30 | 6.63 982 | 6.63 982 10.00000 | 30 30 | 7.52 442 | 7.52 443 | 10.00000 | 30 
40 | 6.68 557 | 6.68 557 | 10.00000 | 20 40 | 7.53 067 | 7.53 067 | 10.00000 | 20 
50 | 6.72 697 | 6.72 697  10.00000 | 10 50 | 7.53 683 | 7.53 683 | 10.00000 | 10 _ 

2 0| 6.76 476 | 6.76 476 | 10.00000 | 058 F120 | 7.54 291 | 7.54 291 | 10.00000 | 048 
10| 6.79 952 | 6.79 952 | 10.00000 | 50 10 | 7.54 890 | 7.54 890 | 10.00000 | 50 
20| 6.83 170| 6.83 170| 10.00000 | 40 20 | 7.55 481 | 7.55 481 | 10.00000 | 40 
30| 6.86 167 | 6.86 167 | 10.00000 | 30 30 | 7.56 064 | 7.56 064 | 10.00000 | 30 
40} 6.88 969 | 6.88 969 | 10.00000 20 40 | 7.56 639 | 7.56 639 | 10.00000 | 20 
50 | 6.91 602 | 6.91 602| 10.00000 | 10 50 | 7.57 206 | 7.57 207 | 10.00000 | 10 

3 0/ 6.94 085 | 6.94 085 | 10,00000 | 0579130 | 7.57 767 | 7.57 767 | 10.00000 | 047 
10| 6.96 433 | 6.96 433 | 10.00000 | 50 10 | 7.58 320 | 7.58 320 | 10.00000 | 50 
20 | 6.98 660 | 6.98 661 | 10.00000 | 40 20 | 7.58 866 | 7.58 867 | 10.00000 | 40 
30 | 7.00 779 | 7.00 779 | 10.00000 | 30 30 | 7.59 406 | 7.59 406 | 10.00000 | 30 
40} 7.02 800 | 7.02 800 | 10.00000 20 40 | 7.59 939 7.59 939 eeeee - 
50 | 7.04 730 | 7.04 730 | 10.00000 | 10 50 | 7.60 465 | 7. 

Z 0) 7.06 579| 7.06 579  10.00000 056] 140 | 7.60 985 | 7.60 986 | 10.00000 | 0 46 
10! 7.08 351 | 7.08 352 10.00000 | 50 10 | 7.61 499 | 7.61 500 | 10.00000 | 50 
20| 7.10 055 | 7.10 055 | 10.00000 | 40 20 | 7.62 007 | 7.62 008 | 10.00000 | 40 
30| 7.11 694 | 7.11 694 | 10.00000 | 30 30 | 7.62 509 | 7.62 510} 10.00000 | 30 
40| 7.13 273 | 7.13 273 | 10.00000 | 20 40 | 7.63 006 | 7.63 006 | 10.00000 | 20 
50| 7.14 797 | 7.14 797 | 10.00000 | 10 50 | 7.63 496 | 7.63 497 | 10.00000 | 10 

5 0| 7.16 270 7.16 270 10.00000 | 055 150 re oo 1.63 = ae om 
10| 7.17 694 | 7.17 694 | 10.00000 | 5 10 | 7. ya .00000 
0 7.19 072 | 7.19 073 | 10.00000 | 40 20 | 7.64 936 | 7.64 937 | 10.00000 | 40 
30 | 7.20 409 | 7.20 409 | 10.00000 | 30 30 | 7.65 406 | 7.65 406 | 10.00000 | 30 
40| 7.21 705 | 7.21 705 | 10.00000 | 20 40 1.65 7 7.65 on 40.00000 2 
50| 7.22 964 | 7.22 964 | 10.00000 | 10 50 | 7. 7.€ 
0| 7.24 189 | 7.24 188 | 10.00000 | 054160 | 7.66 784 | 7.66 785 | 10.00000 | 044 

© 0 7.25 378 | 7.25 378 | 10.00000 | 50 10 | 7.67 235 | 7.67 235 | 10.00000 | 50 
20| 7.26 536 | 7.26 536 | 10.00000 | 40 20 | 7.67 680 | 7.67 680 | 10.00000 | 40 
30 | 7.27 664 | 7.27 664 | 10.00000 | 30 30 | 7.68 121 | 7.68 121 | 10.00000 | 30 
40| 7.28 763 | 7.28 764 | 10.00000 | 20 40 | 7.68 557| 7.68 558| 9.99999 | 20 
50| 7.29 836 | 7.29 836 | 10.00000 | 10 50 | 7.68 989 | 7.68 990 |_9.99999 | 10 

7.30 882 | 7.30 882 10.00000 0539170 | 7.69 417 | 7.69 418 | 9.99999 | 043 

Pe 731 904 731 904 | 10.00000 | 50 10 | 7.69 841 | 7.69 842| 9.99999 | 50 
20 | 7.32 903 | 7.32 903 | 10.00000 | 40 20 | 7.70 261 | 7.70 261 | 9.99999 | 40 
30 | 7.33 879 | 7.33 879 | 10.00000 | 30 30 1.70 676 Bs. 677 9.99999 30 

34 833 | 7.34 833 | 10.00000 | 20 40 | 7.71 088 | 7. 996 
0 735 767 | 7.35 767 | 10.00000 | 10 50 | 7.71 496 | 7.71 496 |_9.99999 | 10_ 
36 682 | 7.36 682 | 10.00000 | 0529180 | 7.71 900] 7.71 900 | 9.99999 | 042 

A 137 877 | 7.37 577 | 10.00000 | 50 10| 7.72 300| 7.72 301| 9.99999 |-50 
of Be ‘ 55 72 6 72 697} 9.99999 | 40 
Oiaee sel sae sit pap Me 30 3 090 Hee 090 9.99999 | 30 

39 314| 7.39 315 | 10. 3 73 0 .73 090 | 9. 2 
a 0 158 | 7.40 158 | 10.00000 | 20 40 | 7.73 479 | 7.73 480| 9.99999 | 20 
35 | 7.40 985 | 10.00000 | 10 50 | 7.73 865 | 7.73 866| 9.99999 | 10 | 
50| 7.40 985 | 7 ).0000 ) | 7.73 865 | 7.73 866 | _9 
9 0) 7.41 797 | 7-41 797 | 10.00000 | 0519190 | 7.74 248 ni ane eis ou 
: "42 594 | 10.00000 | 50 10 | 7.74 627 | 7.74 6 ! 5 
_ 43 376 743 376 | 10,00000 | 40 90 | 7.75 003 | 7.75 004} 9.99999 | 40 

30 | 7.44 145 | 7.44 145 | 10.00000 | 30 30 | 7.75 376| 7.75 377| 9.99999 | 30 
0| 7.44 900 | 7.44 900 | 10.00000 | 20 4017.75 745 | 7.75 746| 9.99999 | 20 
50 | 7.45 643 | 7.45 643 | 10.00000|10 | 50| 7.76 112| 7.76 113 | 9.99999 | 10__ 

373 | 10.00000 | 050 200| 7.76 475 | 7.76 476 |_ 9.99999 | 040) 
log cot | log sin aa 


LoGARITHMS OF THE TRIGONOMETRIC FUNCTIONS 


’ |) Jog sin | log tan | log cos . wr] + | Jog sin | log tan | log cos |” ’ 
ES CE ss SS EEE 1 
200 | 7.76 475 | 7.76 476 | 9.99 999 0 40 | 300 | 7.94 084 | 7.94 086 | 9.99 998 | 030 

10 | 7.76 836 | 7.76 837 | 9.99 999 | 50 10 | 7.94 325 | 7.94 326 | 9.99 998 | 50 
20 | 7.77 193 . 7.77 194} 9.99 999 | 40 20 | 7.94 564 | 7.94 566 | 9.99 998 | 40 

30 | 7.77 5481] 7.77 549 | 9.99 999 | 30 30 ) 7.94 802 | 7.94 804 | 9.99 998 | 30 

40 | 7.77 899 7.77 900 | 9.99 999 | 20 40 | 7.95 039 | 7.95 040 | 9.99 998 | 20 

50| 7.78 248 | 7.78 249 | 9.99 999 | 10 50 | 7.95, 274 | 7.95 276 | 9.99 998 | 10 
210 | 7.78 594 7.78 595 9.99 999 0399310 | 7.95 508 | 7.95 510 | 9.99 998 | 029 

10 | 748 938 | 7.78 938 | 9.99 999 | 50 10 | 7.95 741 | 7.95 743 | 9.99 998 | 50 

20 | 7.79 278 | 7.79 279 | 9.99 999 | 40 20/|. 7-95) 913 G5 7A 998 | 40 

30 | 7.79 616 | 7.79 617 | 9.99 999 | 30 30 | 7.96 203 | 7.96 205 | 9.99 998 | 30 

40 | 7.79 952 | 7.79 952 | 9.99 999 | 20 40 | 7.96 432 | 7.96 434 | 9.99 998 | 20 

50 | 7.80 284 | 7.80 285 | 9.99 999 | 10 50 | 7.96 660 | 7.96 662 | 9.99 998 | 10 
220 | 7.80 615 | 7.80 615 | 9.99 999|038]320 7.96 887 7.96 889 | 9.99 998 | 028 

10 | 7.80 942 | 7.80 943 | 9.99 999 | 50 10 | 7.97 113 | 7.97 114 | 9.99 998 | 50 

20 | 7.81 268 | 7.81 269 | 9.99 999 | 40 20 | 7.97 337 | 7.97 339 9.99 998 | 40 

30 | 7.81 591 | 7.81 591 | 9.99 999 | 30 30 | 7.97 560 | 7.97 562 | 9.99 998 | 30 

40 | 7.8) 911 | 7.81 912) 9:99 999") 20 4017.97 782 | 7.9% 784 ) 9.99 998 | 20 

50 | 7.82 229 | 7.82 230 | 9.99 999 | 10 50 | 7.98 003 | 7.98 005 . 9.99 998 | 10 
2301} 7.82 545 | 7.82 546] 9.99 999 | 037 $330 | 7.98 223 | 7.98 225 | 9.99 998 | 027 

10 | 7.82 859 | 7.82 860! 9.99 999 | 50 10 | 7.98 442 | 7.98 444 | 9.99 998 | 50 

20 | 7.83 170 | 7.83 171 | 9.99 999 | 40 20 | 7.98 660 | 7.98 662 | 9.99 998 | 40 

30 | 7.83 479 | 7.83 480 | 9.99 999 | 30 30.| 7.98 876 | 7.98 878 | 9.99 998 | 30 

40 | 7.83 786 | 7.83 787 | 9.99 999 | 20 40 | 7:99 092 | 7.99 094 | 9.99 998 | 20 

50 | 7.84 091 | 7.84 092 | 9.99 999 | 10 50 | 7.99 306 | 7.99 308 | 9.99 998 | 10 
240 | 7.84 393 | 7.84 394 | 9.99 999 | 036 § 340 | 7.99 520 | 7.99 522 | 9.99 998 | 026 

10 | 7.84 694 | 7.84 695 | 9.99 999 | 50 10 | 7.99 732 | 7.99 734 | 9.99 99S 50) 

207-84 9924) 7.84" 993~ 9:99) 999! | 40 20 | 7.99 943 | 7.99 946 | 9.99 998 | 40 

30 | 7.85 289 | 7.85 290 | 9.99 999 | 30 30 | 8.00 154 | 8.00 156 | 9.99 998 | 30 

40) 7.85 583 | 7.85 584 | 9.99 999 | 20 40 | 8.00 363 | 8.00 365 | 9.99 998 | 20 

50 | 7.85 876 | 7.85 877 | 9.99 999 | 10 50 | §.00 571 | 8.00 574 | 9.99 998 | 10 
250 7.86 166 | 7.86 167 9.99 999 | 035 | 350 | 8.00 779 | 8.00 781 | 9.99 998 | 025 

10 | 7.86 455 | 7.86 456 | 9.99 999150 10 | 8.00 985 | 8.00 987 | 9.99 998 | 50 

20 | 7.86 741 | 7.86 743 | 9.99 999 | 40 20 | 8.01 190 | 8.01 193 | 9.99 998 | 40 

30 | 7.87 026 | 7.87 027 | 9.99 999 | 30 30 | 8.01 395 | 8.01 397 | 9.99 9981 30 

40 | 7.87 309 | 7.87 310 | 9.99 999 | 20 40 | 8.01 598 | 8.01 600 | 9.99 998 | 20 

50 | 7.87 590 | 7.87 591 | 9.99 999 | 10 50 ) 8.01 801 | 8.01 803 | 9.99 998 | 10 
260 | 7.87 870 | 7.87 871 | 9.99 999 | 034 | 360 | 8.02 002 | 8.02 004 | 9.99 998 | 024 

10 | 7.88 147 | 7.88 148 | 9.99 999 | 50 10 | 8.02 203 | 8.02 205 | 9.99 998 | 50 

20 | 7.88 423 | 7.88 424 | 9.99 999 | 40 20 | 8.02 402 | 8.02 5 | 9.99 998 | 40 

30 | 7.88 697 | 7.88 698 | 9.99 999 | 30 30 | 8.02 601 | 8.02 604 | 9.99 998 | 30 

40 | 7.88 969 | 7.88 970 | 9.99 999 | 20 40 | 8.02 799 | 8.02 801 | 9.99 998 | 20 

50 | 7.89 240 | 7.89 241 | 9.99 999; 10 50 | 8.02 996 | 8.02 998 | 9.99 998 | 10 

270 | 7.89 509 | 7.89 510 9.99 999 | 0337370) 8.03 192 8.03 194 9.99 997 (023 

10 | 7.89 776 | 7.89 777 | 9.99 999 | 50 10 | 8.03 387 | 8.03 390 | 9.99 997 | 50 

20 | 7.90 O41 | 7.90 043 | 9.99 999 | 40 20 | 8.03 581 | 8.03 584 | 9.99 997 | 40 

30 | 7.90 305 | 7.90 307 | 9.99 999 | 30 30 | 8.03 775 | 8.03 777 | 9-99 997 | 30 

40 | 7.90 568 | 7.90 569 | 9.99 999 20 40 | 8.03 967 | 8.03 970 | 9.99 997 | 20 

50 | 7.90 829 | 7.90 830 | 9.99 999 | 10 50 | 8.04 159 | 8.04 162 | 9.99 997 | 10 
280 | 7.91 088 | 7.91 089 | 9.99 999 03217380 | 8.04 350 | 8.04 353 | 9.99 997 | 022 
10 | 7.91 346 | 7.91 347 | 9.99 999 | 50 10 | 8.04 540 | 8.04 543 | 9.99 997 | 50 
20 | 7.91 602 | 7.91 603 | 9.99 999 | 40 20 | 8.04 729 | 8.04 732 | 9.99 997 | 40 
30 | 7.91 857 | 7.91 858 | 9.99 999 | 3 30 | 8.04 918 | 8.04 921 | 9.99 997 | 30 
40 | 7.92 110} 7.92 111 | 9.99 998 | 20 40 | 8.05 105 |.8.05 108 | 9.99 997 | 20 
50 | 7.92 362 | 7.92 363 | 9.99 998 | 10 50 | 8.05 292 ) 8.05 295 9.99 997 | 10 
290 | 7.92 612 | 7.92 613 | 9.99 998 | 03811390} 8.05 478 | 8.05 481 | 9.99 997 | 0291 
10 | 7.92 861 | 7.92 862 | 9.99 998 | 50 10 | 8.05 663 | 8.05 666 | 9.99 997 | 50 
20 | 7.93 108 | 7.93 110 | 9.99 998 | 40 20 | 8.05 848 | 8.05 851 | 9.99 997 | 40 
30 | 7.93 354 | 7.93 356 | 9.99 998 | 30 30 | 8.06 031 | 8.06 034 | 9.99 997 | 30 
40 | 7.93 599 | 7.93 601 | 9.99 998 | 20 40 | 8.06 214 | 8.06 217 | 9.99 997 | 20 
50 | 7.93 842 | 7.93 844 | 9.99 998 | 10 50 | 8.06 396 | 8.06 399 | 9.99 997 | 10 
300 | 7.94 084 | 7.94 086 | 9.99 998 | 030 § 400 | 8.06 578 | 8.06 581 | 9.99 997 | 020 
’ | log eos | log cot | logsin |” ’ | ’” | logeos | log cot | log sin |” ’ 


log sin | logtan log cos log sin | log tan | log cos 


8.06 578 | 8.06 581 | 9.99 997 8.16 268 | 8.16 273 995 
8.06 758 | 8.06 761 | 9.99 997 8.16 413 | 8.16 417 a'90 363 
8.06 938 | 8.06 941 | 9.99 997 | 4 8.16 557 | 8.16 561 | 9.99 995 
8.07 8.07 120 | 9.99 997 30 | 8.16 700 | 8.16 705 | 9.99 995 
8.07 9.99 997 40 | 8.16 843 | 8.16 848 | 9.99 995 
9.99 997 50 | 8.16 986 | 8.16 991 | 9.99 995 
9.99 997 8.17 128} 8.17 133 | 9.99 995, 
9.99 997 8.1 75 | 9.99 995 
9.99 997 8.1 9.99 995 
9.99 997 |: 3018.1 9.99 995 
9.99 997 8.1 9.99 995 
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9.99 997 | 337 |-9.99 995 

9.99 997 | 9.99 99510 
9.99 997 | : .99 995 
9.99 997 | 20 | 8.18 249 | 8. ; 99 995 
9.99 997 | 30| 8.18 387] 8. 99 995 
9.99 997 40 | 8.18 524/| 8. 99 995 
9-99 997 | 50 | 8.18 662 | 8. 99 995 
9.99 997 | | 8. 99 995 
| 9.99 997 | 5 Nes ACHES 99 995 
| 9.99 997 18. 71/8. 99 995 
9.99 997 E19: : .99 995 
| 9.99 997 : 
9.99 996 
9.99 996 
9.99 996 
9.99 996 
9.99 996 | 3 8. 
9.99 996 | 40 | 8.20 143 
9.99 996 | 50 | 8.20 275 | 
| 9.99 996 550 | 8.20 407 
9.99 996 | 5 10 | 8.20 538 
9.99 996 | 20 | 8.20 669 
| 9.99 996 | 30 | 8.20 800 
5 | 9.99 996 40 | 8.20 930] 8. 
3 | 9.99 996 | 50 | 8.21 060 | 8. 
647 | 8.12 651 | 9.99 996 | 560 8.21 189 | 8. 9.99 
804 | 8.12 808 | 9.99 996 |: 10 }-8.21 319} 8. 9.99 
961 | 8.12 965 | 9.99 996 | 20 | 8.21 447 | 8. 53 | 9.99 
117 | 8.13 121 | 9.99 996 | 30 | 8.21 576| 8.21 581 | 9.99 
272 | 8.13 276 | 9.99 996 | 40 | 8.21 703 | 8. 9.99 
427 | 8.13 431 | 9.99 996 | 50 | 8.21 831 | 37 | 9.99 
581 | 8.13 585 | 9.99 996 | 57 0 | 8.21 958 | 8.21 964 | 9.99 

| 9.99 996 |} 10 | 8.22 085 | 8.22 091 | 9.99 

9.99 996 20 | 8.22 211 | 8.22217 | 9.99 
5 | 9.99 996 | : 30 | 8.22 337 | 8.22 343 | 9.99 

| 9.99 996 | 40 | 8.22 463 | 8.22 469 | 9.99 

9.99 996 50 | 8.22 588 | 8.22 595 | 9.99 

| 9.99 996 | 68 0 | 8.22 713 | 8.22 720) 9.99 
9.99 996 | § 10 | 8.22 838 | 8.22 844 | 9.99 
9.99 996 | ¢ 20 | 8.22 962 | 8.22 968 | 9.99 
9.99 996 | ; 30 | 8.23 086 | 8.23 092 | 9.99 
| 9.99 996 | | 40 | 8.23 210 | 8.23 216 | 9.99 
9.99 996 | 50 | 8.23 333 | 8.23 339 | 9.99 
5 | 9.99 996 | 9.99 
19.99 996 | 5 9.99 
9.99 996 | 20 | 8.23 700 9.99 
| 9.99 996 | 30 | 8.23 822 | 9.99 
9.99 995 | 40 | 8.23 944 9.99 
9.99 995 50 | 8.24 065 | 9.99 

72 | 9.99 995 13 9% 18 24 192 | 9.9 

8.16 273 | 9.99 995 | 8.24 186 | 8.24 192 | 9.99 
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LOGARITHMS OF THE TRIGONOMETRIC FUNCTIONS 


1° 

eet | log sin | log tan ) log cos | LEE EEN AOE ASL | leg tan | log cos | ”’ 

(ET ee SERS ES) Ge 

O 0| 8.24 186} 8.24 192] 9. : 879 | 8.30 888 | 9:99 991 

10 | 8.24 306 | 8.24 313 | 9. ie | 8. 83 | 8.30 992 | 9.99 991 
20 | 8.24 426 | 8.24 L | 4 | 3. 8.31 095 | 9.99 
30 | 8.24 546 | 8.24 553 | 9. | 8. 38 | 8.31 198 | 9.99 
: 3 665 | 8.24 .§ ; : | 8.31 300 | 9.99 
8:31 403 |'9.99 
110} 8.31 | 8. 505 | 9.99 
10 | 8.31 | 9.99 
20 . 8.31 : 19.99 

30 | 8.31 

40 | 8.31 

50 | 8.32 

12 0 | 8.32 
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8.2 
ai 
8.2 
18.2 
B2 
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LoGARITHMS OF THE TRIGONOMETRIC FUNCTIONS 


log sin | log tan | log cos |” ’ log sin | log tan | log cos 
8.36 678 | 8.36 689 | 9.99 988 0.40] 30.0 | 8.41 792 | 8.41 807 | 9.99 985 | 030 
8.36 768 | 8.36 780 | 9.99 988 | 50 10 | 8.41 872 | 8.41 887 | 9.99 985 | 50 
20 | 8.36 858 | 8.36 870 | 9.99 988 | 40 20 | 8.41 952 | 8.41 967 | 9.99 985 | 40 
8.36 948 | 8.36 960 | 9.99 988 | 30 30 | 8.42 032 | 8.42 048 | 9.99 985 | 30 
8.37 038 | 8.37 050 | 9.99 988 | 20 40 | 8.42 112 | 8.42 127 | 9.99 985 | 20 
8.37 128| 8.37 140 | 9.99 988 | 10 50 | 8.42 192 | 8.42 207 | 9.99 985 | 10 
8.37 217 | 8.37 229| 9.99 988 | 0399310 | 8.42 272) 8.42 287 9.99 985 | 029° 
8.37 306 | 8.37 318 | 9.99 988 | 50 10 | 8.42 351 | 8.42 366 | 9.99 985 | 50 
8.37 395 | 8.37 408 | 9.99 988 | 40 20 | 8.42 .430 | 8.42 446 | 9.99 985 | 40 
8.37 484 | 8.37 497 | 9.99 988 | 30 30 | 8.42 510 | 8.42 525 | 9.99 985 | 30 
8.37 573 | 8.37 585 | 9.99 988 | 20 40 | 8.42 589 | 8.42 604 | 9.99 985 | 20 
8.37 662 | 8.37 674 | 9.99 988 | 10 50 | 8.42 667 | 8.42 683 | 9.99 985 10 
8.37 750 | 8.37 762| 9.99 988 0387320 | 8.42 746 | 8.42 762 | 9.99 984 | 028 
8.37 838 | 8.37 $50 | 9.99 988 | 50 10 | 8.42 $25 | 8.42 840 | 9.99 984 | 50 
8.37 926 | 8.37 938 | 9.99 988 | 40 20 | 8.42 903 | 8.42 919 | 9.99 984 | 40 
8.38 014 | 8 38 026 | 9.99 987 | 30 30 | 8.42 982 | 8.42 997 | 9.99 984 | 30 
8.38 101 | 8.38 114 | 9.99 987 | 20 40 | 8.43 060 | 8.43 075 | 9.99 984 | 20 
8.38 189 | 8.38 202 | 9.99 987 | 10 50 | 8.43 138 | 8.43 154 | 9.99 984 | 10 
8.38 276 | 8.38 289 | 9.99 987 037] 330 | 8.43 216 | 8.43 232) 9.99 984 | 027 
8.38 363 | 8.38 376 | 9.99 987 | 50 10 | 8.43 293 | 8.43 309 | 9.99 984 |'50 
8.38 450 | 8.38 463 | 9.99 987 | 40 20 | 8.43 371 | 8.43 387 | 9.99 984 | 40 
8.38 537 | 8.38 550 | 9.99 987 | 30 30 | 8.43 448 | 8.43 464 | 9.99 984 | 30 
8.38 624 | 8.38 636 | 9.99 987 | 20 40 | 8.43 526| 8.43 542 | 9.99 984 | 20 
8.38 710| 8.38 723 | 9.99 987 | 10 50 | 8.43 603 | 8.43 619 | 9.99 984 | 10 
$38 706 8.38 809 | 9.99 987 036] 340 | 8.43 680 | 8.43 696 | 9.99 984 | 026 
8.38 882 | 8.38 895 | 9.99 987 | 50 10 | 8.43 757 | 8.43 773 | 9.99 984 | 50 
8.38 968 | 8.38 981 | 9.99 987 | 40 20 | 8.43 834 | 8.43 850 | 9.99 984 | 40 
8.39 054 | 8.39 067 | 9.99 987 | 30 30 | 8.43 910 | 8.43 927 | 9.99 984 | 30 
8.39 139 | 8.39 153 | 9.99 987 | 20 40 | 8.43 987 | 8.44 003 | 9.99 984 | 20 
8.39 225 | 8.39 238 | 9.99 987 | 10 50 | 8.44 063 | 8.44 080 | 9.99 983 | 10 
y| 8.39 310 | 8.39 323 | 9.99 987 | 350 | 8.44 139 | 8.44 156 | 9.99 983 | 025 
8.39 395 | 8.39 408 | 9.99 987 | 10 | 8.44 216 | 8.44 232 | 9.99 983 | 50 
8.39 480 | 8.39 493 | 9.99 987 | 20 | 8.44 292| 8.44 308 | 9.99 983 | 40 
8.39 565 | 8.39 578 | 9.99 987 30 | 8.44 367 | 8.44 384 | 9.99 983 | 30 
8.39 649 | 8.39 663 | 9.99 987 | 40 | 8.44 443 | 8.44 460 | 9.99 983 | 20 
8.39 734 | 8.39 747 | 9.99 986 | 50 | 8.44 519 | 8.44 536 | 9.99 983 | 10 
$.39 818 | 8.39 832 | 9.99 986 360 | 8.44 594 | 8.44 611 | 9.99 983 | 024 
8.39 902 | 8.39 916 | 9.99 986 | 50 8.44 669 | 8.44 686.| 9.99 983 | 50 
8.39 986 | 8.40 000 | 9.99 936 | 40 8.44 745 | 8.44 762 | 9.99 983 | 40 
8.40 070 | 8.40 083 | 9.99 986 | 30 8.44 820 | 8.44 837 | 9.99 983 | 30 
8.40 153 | 8.40 167 | 9.99 986 | 20 8.44 895 | 8.44 912 | 9.99 983 | 20 
8.40 237 | 8.40 251 | 9.99 986 8.44 969 | 8.44 987 | 9.99 983 | 10 
3.40 320 | 8.40 334 | 9.99 986 | 8.45 044 | 8.45 061 | 9.99 983 | 023 
8.40 403 | 8.40 417 | 9.99 986 8.45 119| 8.45 136 | 9.99 983 | 50 
8.40 486 | 8.40 500 | 9.99 986 | 40 8.45. 193 | 8.45 210 | 9.99 983 | 40 
8.40 569 | 8.40 583 | 9.99 986 | 30 30 | 8.45 267 | 8.45 285 | 9-99 983 | 30 
8.40 651 | 8.40 665 | 9.99 986 | 20 40 | 8.45 341 | 8.45 359 | 9.99 982 | 20 
8.40 734 | 8.40 748 | 9.99 986 | 10 5018.45 415 | 8.45 433 | 9.99 982 | 10 
3.40 816 | 8.40 930 | 9.99 986 032] 380 | 8.45 489 8.45 507 | 9.99 982 |022 
8.40 898 | 8.40 913 | 9.99 986 | 10| 8.45 563 | 8.45 581 | 9.99 982 | 50 
8.40 980 | 8.40 995 | 9.99 986 | 20 |} 8.45 637 | 8.45 655 | 9.99 982 | 40 
8.41 062 | 8.41 077 | 9.99 986 30 | 8.45 710| 8.45 728 | 9.99 982 | 30 
8.41 144| 8.41 158 | 9.99 986 40 | 8.45 784 | 8.45 802 | 9.99 982 | 20 
8.41 225 | 8.41 240 | 9.99 986 | 5018.45 857 | 8.45 875 | 9.99 982 | 10 
290 | 8.41. 307 | 8.41 321 | 9.99 985 | 39 0 | 8.45 930 | 8.45 948 | 9.99 982 | 021 
10 | 8.41 388 | 8.41 403 | 9.99 985 10 8.46 003 | 8.46 021 | 9.99 982 | 50 
90 | 8.41 469 | 8.41 484 | 9.99 985 20 | 8.46 076 | 8.46 094 | 9.99 982 | 40 
30 | 8.41 550 | 8.41 565 | 9.99 985 | 30 | 8.46 149 | 8.46 167 | 9.99 982 | 30 
40 | 8.41 631 | 8.41 646 | 9.99 985 40 | 8.46 222 | 8.46 240 | 9.99 982 | 20 
50 | 8.41 711 | 8.41 726 | 9.99 985 9.99 
30 0 | 8.41 792 | 8.41 807 | 9.99 985 
Eee EE ? 
* | Jog cos | log cot log sin | ”’ log sin 


LoGARITHMS OF THE TRIGONOMETRIC FUNCTIONS 
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LoGARITHMS OF THE TRIGONOMETRIC FUNCTIONS 


O° Woo 180° #270? 
log tan | ¢. d. log cot } log cos Prop. Pts. 
— = 0.00 000 | 60 
6.46 373 3.53 627 1.0.00 000 | 59 
6.76 476 “ih 3.23 524 0.00 000 J 58 
06 : | 7106 570 | #2494 293 2 0:00 000 26 
7.16 270 sae ory| 9 |aaxzay 10-00 600 TSS 
: 0 1 7.16 270 | 2.83 730 | 0.00 000 #55 
7.24188 | 798 | 7.24 188 | 7918 | 2.75 $12 |.0.00 000 | 54 
7.30 882 | 604 1 7.30 $82 | 6504 | 2.69 118 } 0.00 000 | 53 
7.36 682 | 38° } 7.36 682 | 88° | 2.63 318 | 0.00 000 | 52 
TAL 797 | SES 17.41 797 | SUS | 2.58 203 | 0.00 000 51 pp 1” 
7.46 373 | “*”’ 1746373 | *”” | 2.53 627 [0.00 000 [50 a 
pr sr = 7.50 sa ie 463 0.00 000 4 49 74.93 
Ao aa ’ we vel | 2.45 7 . 8 + 
757 76r y ST 7.37 767 | 3476 (242 233 0:00 000 Pt 14.03 
. 3218 } 7.60 986 | 29 | 2.39 014 } 0.00 000 } 46 1433 
7.63 982 7.63 982 | 2.36 O18 70.00 000 F4 aoe 
ree ag | 2802 1766 785 | 2803 | 2.33 215 | 0.00 000 i er 
eee me 7.69 418 | es 2.30 582 19.99 999 | 43 13-53 
715 7.71 900 | 2452 | 2.28 100 ] 9.99 999 9 42 eae 
7.74 248 | 2548 17.74 248 | 2548 | 2.25 752 1.9.99 999 | 41 12.82 
7.16475 | | 716476 | ‘| 2.23 524 99.99 999 140 ore 
7.78 594 | 2729 17.78 595 | 2119 | 2.21 405 19.99 999 | 39 12.38 
7.80 615 | 707% 7.80 615 | 207° | 2.19 385] 9.99 999 | 38 12.37 
7.82 545 | 7988 [7.82 546 | 795° 2.17 454 | 9.99 999 } 37 3 ae 
7.84 393 | Pe. | 7.84 394 | PN | 2.15 606 | 9.99 999 | 36 
7.86 166 7.86 16 773 1913 833 19.99 999 135 
7.87 87 1704 | 7.87 S71 | 1704 212 129 9.99 999 34 
7.89 5 1639 17.89 510 | 1639 | 2.10 490 | 9.99 999 | 33 
7.91 088 | 1579 47.91 089 | 1579 | 2.08 911 [9.99 999 9 32 
7.92 612 | *574 17.92 613 | 1574 | 2.07 387 1.9.99 998 | 31 
794 084 | **”? 17.94 086 | 74> | 2.05 914 [9.99 998 [30 
7°95 508 | '424 17.95 510 | 1424 | 2.04 490 |. 9.99 998 | 29 
7°96 887 | 379 17.96 889 | 1379 | 2.03 111 | 9.99 998 } 28 
7.98 223 | 336 7.93 225 | 1336 | 2.01 775 }.9.99 998 | 27 
7.99 520 | %297 | 7.99 522 | 1297 | 2.00-478 | 9.99 998 | 26 
8.00 779 8.00781 | **>? | 1.99 219 79.99 998 J 25 
8.02 002 | 1223 18.02 004 | 1223 | 1.97 996 49.99 998 | 24 
8.03 192 | 119° | 8.03 194 | 119° | 1.96 806 | 9.99 997 | 23 
8.04 350 | 58 1 8.04 353 | 1159 | 1.95 647 | 9.99 997 | 22 
8.05 473 | **?" | 8.05 481_ poe 1.94 519 | 9.99 997 } 21 
48.06 578 8.06 581 | “93 419 | 9.99 997 |20 
8.07 650 | 1972 | 8.07 653 | 1072 | 1.92 347 | 9.99 997 } 19 
8.08 696 | 1°49 18.08 700 | 147 | 1.91 300 | 9.99 997 718 
8.09 718 | %2? 18.09 722 | 1922 | 1.90 278 [9.99 997 J.17 
8.10717 | 99 | 8.10 720° oe 1.89 280 | 9.99 996 } 16 
8.11 693 “ 18.11 696 7° \ 7.88 304 $9.99 996 715 
8.12 647 | 954 18.12651 | 955 | 1.87 349 [9.99 996 | 14 
813581 | 9418.13 585 | 934 | 1.86 415 } 9.99 996 | 13 
8.14 495 gog | S14 500 95 | 1.85 500 | 9.99 996 712 
8.15 391 | ria $8.15 395 pot | 1.84 605 |. 9.99 996 J 11 
8.16268 |  .|8.16 273 ” 17.83 727 19.99 995 
8.17 128 860 8.17 133 860 | 1.82 867 9.99 998 5 
8.17 971 os 8.17 976 — 1.82 024 49.99 995 
2 7QQ | 2 2 Q | 2 9 ¢ 995 
gis me | se S43 | te | 18) set a9 9 
8.20 407 $20413| 7” | 1.79 587 19.99 994 J 
8.21189 | 782 8.21195 | 78? | 1.78 805 |. 9.99 994 
8.21 964 | 1.78 036 | 9.99 994 
8.22 720 | 75° | 1.77 280 | 9.99 994 
8.23 462 | 785 | 1.76 538 | 9.99 994 
| 8.24 192 1.75 808 | 9.99 993 
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LoGARITHMS OF THE TRIGONOMETRIC FUNCTIONS 


182° 272° 
b 
log tan | c. d. Prop. Pts. 
8.54 9.99 974 
9.99 973 
9.99 973 
9.99 972 
9.99 972 
| 96 VU. ‘. 43 917 79.99 971 
; 9.99 971 
a ; 9.99 970 
42 886 |. 9.99 970 
| . 42 548 $9.99 969 
: 8.57 42 21279. 
8.58 41 879] 9. 
; 8.58 41 54979. 
3 8.58 41 22149. 
i 8.59 40 895 |. 9.99 967 
59 : 8.59 40 5729.99 
: t 8.59 40 2514 9.99 
8.60 .39 932] 9.99 966 
60 8.60 39 9.99 965 
.60 8.60 3 9.99 964 
60 8.61 a 9.99 964 
61 8.61 a 9,99 963 
61 8.61 3 9.99 963 
61 8.61 38 9.99 962 
62 8.62 37 9.99 962 
62 8.62 37 9.99 961 
62 8.62 37 9.99 961 
.63 8.63 1: 36 9.99 
: 63 8.63 36 574] 9.99 
: 63 8.63 3 19.99 
; 63 8.64 35 991 49.99 
. 64 8.64 3 i 
, 64 5 8.64 3 
64 8.64 e. 
65 8.65 3 
65 8.65 
65 8.65 
65 8.65 
8.66 2: 8.66 | 
8.66 - 8.66 ; 
8.66 7 8.66 8 
8.67 8.67 
: 8.67 8.67 
8.67 8.67 
| 8.67 8.67 
7 8.68 8.68 ' 
8.68 8.68 + 9.99 949 
) 8.68 8.68 678 9.99 949 
8.68 8.68 938 : 9.99 948 
F 8.69 8.69 196 ri 9.99 948 
8.6! 8.69 453 re 9.99 947 
: 8. 8.69 708 2 9.99 946] 9 
‘ 8. 8.69 962 30 03849.99 946] 8 
8. 9.99 945] 7 
8. 9.99 944] 6 
8. 1.29 2861 9.99 944] 5 
’ 1s. 1.29 038 4.9.99 943] 4 
; 1.28 79249.99 942] 3 
‘ 1.28 5479.9.99 942] 2 
7 1.28 303 $9.99 9419 1 
f 1.28 0609.99 940] 0) 
. log tan ; Prop. Pts. 
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LoGARITHMS OF THE TRIGONOMETRIC Functions 
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is cin vin 
| 
6|10.5|10.4 10.3 
7|12.3/12.1|12.0 
8|14.0]13.9|13.7 
9|\15.8|15.6|15.4 
10/17.5|17.3 by yrs 
20/35.0|34.7|34.3 
30) 52.5/52.0)51.5 
40/70.0/69.3|68.7 
50/87.5 86.7/85.8 


\102|101/100 


6 10.2)10.3 10.0 
7\11.9/11.8/11.7 
8/13.6/13.5/13.3 
9|15.3)15.2|15.0 
I0|17.0/16.8|16.7 
20) 34.0|33.7/33-3 
30/51.0|50.5) 50.0 
40 68.0 67.3 66.7 
50185.0|84.2,83.3 


"| 99 | 98 | 97 
| | 

6) 9.9] 9.8) 9.7 

7|11.6/11.4/11.3 

8 /13.2)13.r 12.9 

9/14.8/14.7|14.6 

I0|16.5/16.3/16.2 


|14.4|14.2| 
16.0|15.8 
}32.0|31.7/31. 
48.0|47.5 
64.0/63.3 
|80.0|79.2) 
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LOGARITHMS OF THE TRIGONOMETRIC FUNCTIONS 


log sin 


9.14 356 
9.14 445 
9.14 535 | 
9.14 624 
9.14 714 
9.14 803 
9.14 891 | 
9.14 980 | 
9.15 069 
9.15 157 
9.15 245 
9.15 333 
9.15 421 | 
9.15 508 | 
9.15 596 
9.15 683 
9.15 770 
9.15 857 | 
9.15 944 
9.16 030 


9.16 116 
9.16 203 | 
9.16 289 | 
9.16 374 | 
9.16 460 
9.16 545 
9.16 631 | 
9.16 716 | 
9.16 801 
9.16 886 
9.16 970 | 
9.17 055 | 
9.17 139 
9.17 223 
9.17 307 | 
9.17 391 
9.17 474 
9.17 558 
9.17 641 | 
9.17 724 | 
9.17 807 | 
9.17 $90 


9.18 055 | 
9.18 137 | 
9.18 220 | 
9.18 302 | 
9.18 383 | 
9.18 465 
9.18 547. 
9.18 628 | 
9.18 709 


9.19 971 | 


s° #98? 188° #278° 
log tan |e. d.| log cot | log cos ey Prop. Pts. 
a eae 
9.14 780} 4, | 0.85 220] 9.99 575160 
9.14 872| $F | 0.85 128]9.99 574 
9.14 963 | 5, | 0.85 037] 9.99 572 
9.15 054| 9, | 0.8+ 9469 9.99 570 
9.15 145 | 91 | 0.84 855] 9.99 568 
9.15 236| ., | 0.84 764] 9.99 566 
9.15 327] 93 | 0.84 673 
9.15 417] 9, | 0.8¢ 583 
9.15 508| 5. | 0.84 492 
9.15 598| 4, | 0.8+ 402 
9.15 688| , | 0.84 312 
9.15 777 0.84 223 
9.15 867 | $2 | 0.84 133 
9.15 956} <2 | 0.8+ O44 
9.16 046) g5 | 0.83 954 
9.16 135| ,, | 0.83 865] 9.99 5 
9.16 224| 99 | 0.83 776] 9.99 : 
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log tan {c 


da. 
9.45 750 
9.45 797| 48 
9.45 845 
9.45 892 
9.45 940 
9.45 987 
9.46 035 | 
9.46 082 | 
9.46 130 | 
9.46 177 | 
9.46 
9.46 27 
9.46 
9.46 
9.46 


9.46 
9.46 507 
9.46 55 
9.46 
9.46 
9.46 
9.46 
9.46 
9.46 
9.46 8 


9.46 

9.46 

9.47 

9.47 068 | 
9.47 114 | 
9.47 160 
9.47 207 | 
9.47 253 | 
9.47 299) | 
9.47 346 | 


9.47 392 | 

9.47 438 

9.47 484| * 
9.47 530 | 
9.47 576 | 
9.47 622 | 

9.47 668 | 

9.47 714| * 
9.47 760 | 
9.47 806 | 
9.47 852 | 
9.47 897 
9.47 943 
9.47 989 
9.48 035 | 


9.48 080 | 
9.48 126 | 
9.48 171 
9.48 217 
9.48 262 
9.48 307 | 
9.48 353 
9.48 398 
9.48 443 9.98 067 
9.48 489 9.98 063 | 


9.48 534 0.51 9.98 060 
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log cot log tan | log sin 
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9.98 284 
9.98 281 
9.98 277 
9.98 273 | 
9.98 270 
9.98 266 
9.98 262 
9.98 259 
9.98 255 
9.98 251 
9.98 248 
9.98 244 
9.98 240 
9.98 237 
9.98 233 
9.98 229 
9.98 226 
9.98 222 
9.98 218 
9.98 215 
9.98 211 
9.98 207 
9.98 204 
9.98 200 
9.98 196 


9.98 192 
9.98 189 
9.98 185 
9.98 181 
9.98 177 
9:98. 174 
9.98 170 
9.98 166 
9.98 162 
9.98 159 
9.98 155 
9.98 151 
9.98 147 
9.98 144 
9.98 140 
9.98 136 
9.98 132 
9.98 129 
9.98 125 
9.98 121 
9.98 117 
9,98 113 
9.98 110 
9.98 106 
9.98 102 | 
9.98 098 
9.98 094 
9.98 090 
9.98 O87 
9.98 083 
9.98 079 
9.98 075 
9.98 071 
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LoGARITHMS OF THE TRIGONOMETRIC FUNCTIONS 
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log cot | log cos Prop. Pts. 


0.51 466} 9.98 060 
0.51 98 056 
0.51 .98 052 
0.51 } 9. 048 
0.51 -98 044 


0.51 -98 040 
0.51 .98 036 
0.51 -98 032 
0.51 -98 029 
0.51 -98 025 


0.51 -98 021 
0.50 -98 O17 
0.50 
0.50 
0.50 


0:50 
0.50 
0.50 
0.50 
0.50 


0.50 
0.50 
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0.50 
0.50 
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0.49 
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0.49 
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0.49 
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O49) SiS 
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0.49 
0.49 
0.49 
0.49 
0.49 
0.49 
0.49 
0.49 
0.49 
0.49 
0.48 
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0.48 
0.48 
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log tan le. d.) log cot | log cos . Prop. Pts. 
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264 | 53 697 | 46 303 
301 | 53. 738 | 
338 53 779 | 
374 .53 $20 
411 | 861 
447 | 902 
48+ | 
520 
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666 | 
702 | 
738 | 
774 | 
5 811 
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LoGARITHMS OF THE Trigonometric Functions 


Prop. Pts. 


SS uae 
893 | 9.97 
854 | 9.97 
815 | 9.97 2 
776 | 9.97 285 
736 | 9.97 2 
697 | 9.97 2 : 
658 | 9.97 2 5 40 | 39 
619 | 9.97 266 
580 | 9.97 262 
541 | 9.97 257 
502 | 9.97 252 
463 9.97 248 a 
424 | 9.97 243 paps a 
385 | 9.97 238 50|33.3132-5 
346 | 9.97 234 
307 | 9.97 229 
268 | 9.97 224 
229 | 9.97 220 
190 | 9.97 215 
151 | 9.97 210 
113 | 9.97 206 
074 | 9.97 201 
035 | 9.97 196 
996 | 9.97 192 
958 | 9.97 187 
919 9.97 182 
880 | 9.97 178 
842 | 9.97 173 
803 | 9.97 168 
765 | 9.97 163 
726 | 9.97 159 
688 | 9.97 154 
649 | 9.97 149 
611 | 9.97 145 
572 | 9.97 140 
2 534 | 9.97 135 
496 | 9.97 130 
457 | 9.97 126 
419 | 9.97 121 
381 | 9.97 116 
342 | 9.97 111] 
304 | 9.97 107 
266 | 9.97 102 
228 | 9.97 097 
190 | 9.97 092 
151 | 9.97 087 

3 | 9.97 083 | 

5 | 9.97 078 | 
9.97 073 
9.97 068 
| 9.97 063 | 
39.97 059 
9.97 054 | [22-9|2.7|2-3 
| 9.97 049 ol pha 2. 1 
9.97 O44 pa ee 
229 0.41 771 | 9.97 039 
267 ’ 3} 9.97 035 | 
304 : 9.97 030 
342 | 41 658 | 9.97 025 
380 41 620 | 9.97 020 
418 41 582 | 9.97 015 
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LoGARITHMS OF THE TRIGONOMETRIC FUNCTIONS 


log tan |c. d.| log cot | log cos 


*TTI° 


d. 


9.58 418| ,, | 0.41 582] 9.97 bb} s 

9.58 455| 3, | 0.41 545] 9.97 010} 5 

9.58 493| 33 | 0.41 5079.97 005| 4 
9.58 531| 3g | 0.41 46999.97 001) 5 

9.58 569| 3, | 0.41 4319.96 996| 5 

9.58 606| 4, | 0.41 3941 9.96 1) . 

9.58 644| 3, | 0.41 356]9.96 986) 5 

9.58 681| 3g | 0-41 31999.96 981) 5 

9.58 719| 3g | 0.41 281]9.96 976] 5 

9.58 757| 3, |0.41 243]9.96 971] 5 

9.58 794| ., | 0.41 206] 9.96 966| , 

9.58 832 A 0.41 168] 9.96 962] © 

9.58 869 38 0.41 131]9.96 957| = 

9.58 907| 3, | 0.41 093} 9.96 952| 5 

9.58 944| 3, | 0.41 056] 9.96 947) 5 

9.58 981| ., | 0.41 01999.96 942| . 

9.59 019 v4 0.40 981].9.96 937| 2 

9.59 056| $2 | 0.40 9449.96 932) 5 

9.59 094} 3, | 0.40 906] 9.96 927| 5 

9.59 131| 3, | 0.40 869]9.96 922! 5 

9.59 168 0.40 83219.96 917) . 

9.59 205| 3% | 0.40 795}9.96 912} 2 

9.59 243| 3° | 0.40 7574 9.96 907 | 4 

9.59 280} $7 | 0.40 720]9.96 903} 5 

9.59 317| 3, | 0.40 683]9.96 898| 5 

9.59 354 0.40 6461 9.96 893 

9.59 391| 3% | 0.40 609] 9.96 888 : 

9.59 429 of 0.40 571] 9.96 883| = 33 
9.59 466 “s 0.40 534] 9.96 878| 2 932 
9.59 503| 3, | 0.40 497] 9.96 873| 5 [31 
9.59 540 0.40 46019.96 868} _ 430 
9.59 577| 37 | 0.40 42399.96 863| > 429 
9.59 614| %” | 0:40 3869 9.96 858 2 28 
9.59 651 it 0.40 3499.96 853} 2 927 
9.59 688| 3, | 0.40 312]9.96 848| =; | 26 
9.59 725 0.40 275 | 9.96 843 25 
9.59 762| 37 | 0.40 2389.96 838} > | 24 
9.59 799| 37 | 0.40 201] 9.96 833 5 123 
9.59 835 4 0.40 1659 9.96 828 ! 22 
9.59 872| 3, | 0.40 128]9.96 823] = [21 
9.59 909 0.40 091 49.96 818 20 
9.59 946} 37 | 0.40 05499.96 813| > 4919 
9.59 983 is 0.40 01799.96 808} 5 918 
9.60 019 aA 0.39 981]9.96 803| > 417 
9.60 056 | 3, | 0.39 944 9.96 798 : 16 
9.60 093 0.39- 907 | 9.96 793 15 
9.60 130| 3% | 0.39 870]9.96 788 5 114 
9.60 166| 3° | 0.39 83+]. 9.96 783| > 913 
9.60 203 0.39 79719.96 778 : 12 
9.60 240) 36 | 0.39 760]9.96 772} . [il 
9.60 276 0.39 724] 9.96 767 10 
9.60 313) 37 | 0.39 687] 9.96 762 5 | 9 
9.60 349 | 3° | 0.39 65199.96 757| § 8 
9.60 386 36 0.39 6149.9.96 752] > Z 
9.60 422| 3, | 0.39 578}9.96 747 : 6 
9.60 459 0.39 5419 9.96 742 5 
9.60 495| 36 | 0.39 50599.96 737] 5 | 4 
9.60 532 a 0.39 468§.9.96 732] ° 3 
9.60 568} 3° | 0.39 43299.96 727| > | 2 
9.60 605} 3% | 0.39 3959.96 722| 2 | 1 
9.60 641 0.39 35999.96 717 0 
log cot |c. d.| log tan | log sin | d. | ’ 

#338° 68° 


40|25.3/24.7|24.0 
50|31.7|30.8|30.0 
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Prop. Pts. 


LoGARITHMS OF THE TRIGONOMETRIC FuNcTIONS 


290° *112° 202° 292° 
log sin | d. } log tan |e. d. log cot | log eos | d. Prop. Pts. 
ss eee 

0 9.57 358 sx | 9-60 641] ., | 0.39 359]9.96 717| , [60 
sete 388] ax [260 67] 5, | 0.39 3239996 711| © J 59 
21 O37 420) 5x 19.60 714] 36 | 0.39 28619.96 706! 5 |58 
3] ooh 451) ax [9-60 750] 36 | 0.39 250]9.96 701] § [57 
a ei 9-60 786 | 37 | 0.39 214]9.96 696] § [56 
Blass cat | = a ae 36 | 0-39 17799.96 691 ~ |S 
CL ay Ste] sx | 260 859] 56 | 0.39 141 19.96 686] $ [54 
8}9:57 607| * 19.60 931 | 3° | O39 aes 9.96 676| § [es 
31 & 36 }U.9 . 7 52 

9 =) Ss sx [9-60 967] 3, | 0.39 033}.9.96 670] ¢ [51 erieriee 
oot S| 9.61 00¥| 55 | 0.38 9969.96 665| - [60 

; sr | 261 040} 32 | 0.38 960] 9.96 660 49 6| 3.7] 3.6] 3.5 

37 731) 3, $9-61 076| 36 | 0.38 92449.96 655| 5 [48 Aged tel! Ga 

2-57 762) 3, 19.61 112| 35 | 0.38 s88]9-96 630] $ 47 ol sel sal ce 

a = 3x | 9-61 148] 35 | 0.38 85249.96 645| 5 | 46] 10] 62| 60] 38 

57 S824 9.61 184 0.38 816] 9.96 640 450 polst-slsSolzy- 

9.57 855 | 3° [9.61 220| 3° |0.38 780]9.96 634| © [44]  folzarlanclans 

9.57 885 | 3° $9.61 256) 3° | 0.38 74499.96 629] 5 ]43] — s0ls0.8130.0la9.2 
9.57 916| 3° 19.61 292| 38 | 0.38 70819.96 624|°5 | 42 
9.57 947| 3, 19.61 328! 35 | 0.38 672] 9.96 619 41 
9.58 008| 2 [act a00| 26 [Oss col ace Os) 6 [#2 
0. 96. 608 39 
9.58 039| Sf 19.61 436| 38 | 0.38 564]9.96 603 38 
9.58 070| 3 [9.61 472| 32 | 0.38 528] 9.96 598 37 
9.58 101} 35 [9.61 508| 35 | 0.38 492] 9.96 593 36 
9.96 588 35 

9.96 582 34 . 

9.96 577 33 oe) a1 eH 

9.96 572 32 6] 3.2] 3.1] 3.0 

9.96 567 31 Z 3-7] 3-6] 3.5 

9.96 562 30 aah cel aca 

9.96 $56 aot x51 Sal 23] £5 

96 551 28 20/10.7/10.3/10.0 

6. ‘ R 

9.96 546 ati Cite 

9.96 541 26 50/26.7|25.8|25.0 
9.96 25 


9.96 509° 


7 
‘ 37 886] 9.96 504 19 
9.58 648| 3° [9.62 150] 3° | 0.37 850] 9.96 498 18 
9.58 678| 3° 19.62 185| 33 | 0.37 8159.96 493 17 rf 
9.58 709| 3) [9.62 221| *° | 0.37 779] 9.96 488 16 set tal: 
9.58 739 9.62 256), | 0.37 7449 9.96 483 15 6| 2.9|0.6/0.5 
9.58 769) 3° 19.62 292| 3° | 0.37 708] 9.96 477 14 4] 3-4/0.7]0.6 
9.58 799} 3° 19.62 327| 35 |0.37 673] 9.96 472 13 9| aglo.glo.8 
9.58 829} 3° 19.62 362| 33 | 0.37 638]9.96 467 12 10| 4.8) 1.010.8 
9.58 859] 3° 19.62 398| 3° | 0.37 602]9.96 461 11 Bea pe 
9.58 889 9.62 433 0.37 5671 9.96 456 10 40|19.3|4.013.3 
9.58 919| 3 19.62 468} 35 | 0.37 532]9.96 451 9 50124.215.014.2 
9138 979| © [560 559| 35 oy sarfocc aa0| 5 | 5 
5 62 5: > | 0.37 461]9.96 440 7 
9.59 009} 35 [9.62 574| 3° | 0.37 42619.96 435 6 
9.59 039 9.62 609 0.37 391} 9.96 429 ie 
9.59 069 | 3° 19.62 645 * 0.37 3559. 9.96 424 4 
5 € C 
9.39 128| % |o.62 7Is| 38 |0.37 288|9.96 413| © | 2 
59]. 9.59 158 | 33 [9.62 750| $2 | 0.37 250] 9.96 408 1 
9.59 188 9.62_785 | 0.37 215} 9.96 403 0) 
log sin Prop. Pts. 
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LoGARITHMS OF THE TRIGONOMETRIC FUNCTIONS 


| log cot | log eos | d. Ea Prop. Pts. 
0} 9.60 931] ,, [9.64 858] . | 0.35 1429.96 073] , 
1] 9.60 960 | 23 ]9.6+ 892) $+ | 0.35 108].9.96 067| ° 
219.60 988| 23 ]9.6+ 926} S | 0.35 07419.96 062| § 
3} 9.61 016} 35 $9.64 960) $3 | 0.35 040]9.96 056] ¢ 
419.61 OF5 | 23 [9.64 994 | 34 | 0.35 006]9.96 050] ; 
549.61 073) , $9.65 028| .. [0.34 9729.96 O45] , 
649.61 101 | 23 [9.65 062| $ | 0.34 9389.96 039| ° 
719.61 129| >> 99.65 096) $* | 0.34 904] 9.96 034] § 
8} 9.61 158| 23 }9.65 130) $f | 0.34 870]9.96 028) & 
919.61 186 | 53 ]9.65 16+) 55 | 0.34 836] 9.96 022| , 
10} 9.61 214) ., |9.65 197 0.34 8039.96 017| , 
119.61 242| 2, $9.65 231) °4 | 0.34 76949.96 O11] ¢ 
1249.61 270| 3s $9.65 265 | %* | 0.34 735]9.96 005} . 
139.61 298| 35 }9.65 299| $4 | 0.34 701]9.96 000] § 
14] 9.61 326| 33 19.65 333) 3 | 0.34 667]9.95 994) ¢ 
1599.61 354 9.65 366 | 0.34 634] 9.95 988| 
16] 9.61 382} 3° [9.65 400) S* | 0.34 600}.9.95 982) ° 
1749.61 411| 7° 19.65 434 | on | 0.34 5669 9.95 977| 2 
18] 9.61 438| 23 $9.65 467) 3° | 0.34 533]9.95 971] ¢ 
19]9.61 466 | 3 ]9.65 501| $! | 0.34 499]9.95 965] 5 
20] 9.61 494 9.65 535 0.34 465 99.95 960) , 
2149.61 522) *8 [9.65 568| 35 | 0.34 432]9.95 954) 2 
2219.61 550| 23 |9.65 602) %* | 0.34 398].9.95 948| ¢ 
2349.61 578) 35 |9.65 636| 3% | 0.34 36499.95 942) - 
2419.61 606 | 33 [9.65 669| 3 | 0.34 331]9.95 937| § 
2519.61 634 9.65 703| | 0.34 297] 9.95 931| . 
2619.61 662| 7 1.9.65 736| 3 | 0.34 264]9.95 925| & 
2719.61 689| 22 19.65 770| * | 0.34 2309.95 920) ¢ 
2819.61 717| 73 |.9.65 803) * | 0.34 197]9.95 914| ¢ 6| 2.0] 2.8| 2.7 
2919.61 745| 35 1.9.65 837| 3 | 0.34 163]9.95 908 ¢ 3) 34] 33] $2 
30] 9.61 773 9.65 870 | | 0.34 130] 9.95 902 9| 4.4| 4.2| 4-7 
3119.61 800| 77 19.65 904 | * | 0.34 096]9.95 897) § x0] 4.8) 4.7) 4.5 
3219.61 828| 73 ].9.65 937| 8 | 0.34 063]9.95 891 pa Be Bd oe 
3319.61 856 °° 19.65 971| * | 0.34 029}-9.95 885 | § 40{19.3|18-7|18.0 
34] 9.61 883} 32 |.9.66 00+] S | 0.33 996}9.95 879} ¢ sola4.2|23.3/22.5 
3519.61 911| . 19.66 038 0.33 062 | 9.95 873 | 
3619.61 939 78 19.66 071| % | 0.33 929].9.95 868 | : 
3719.61 966| 72 19.66 104| * | 0.33 896]9.95 862| ¢ 
3819.61 994| 72 |9.66 138) * | 0.33 $6299.95 856| 5 
3919.62 021| 34 [9.66 171) 33 | 0.33 829] 9.95 850] ¢ 
4019.62 019 | 9.66 204 0.33 7969.95 844 
4119.62 076| 77 1.9.66 238| 3 | 0.33 762]9.95 839 § 
4219.62 10+|  }9.66 271| 33 | 0.33 72999.95 833) ° 
4319.62 131| 272 19.66 304| % | 0.33 69649.95 827| Pott 
4419.62 159| 3 19.66 337| $3 | 0.33 663]9.95 821] ¢ 
45) 6 9.66 371 0.33 6299.95 815 6\0.6\o.5 
ic 9.62 214 70 9.66 404 33 | 033 596] 9.95 810 A zjo.z\00 
4749.62 241| 27 19.66 437| 35 | 0.33 563]9.95 804] § cece 
62 268} 77 [9.66 470| * | 0.33 5309.95 798] & x0|1.0|0.8 
#91 9.62 296| 2 19.66 503 $5 | 0.33 497] 9.95. 792| ¢ giak 
E Cy in) ta J 30|3.0) 2.5 
9.62 323 5 33 463 99.95 786 40) 4.0/3.3 
a4 er sey at ae 370 33 033 430 998 780| © | 9 50 5.0|4.2 
32) 9.62 377| 27 19.66 603| 33 | 0.33 39749.95 775) § | 8 
$319.62 405| 7° 19.66 636| 3 |0.33 36499.95 769| ° | 7 
54].9.62 432| 27 [9.66 669| % | 0.33 331]9.95 763| § | 6 
3519.62 459| 19.66 702| . | 0.33 20819.95 757| . | 5 
5619.62 486| 27 19.66 735| 3 |0.33 265]9.95 751| © | 4 
3719.62 513 | 27 19.66 768| % | 0.33 232]9.95 745| © J 3 
5819.62 541| 2 19.66 801| % | 0.33 19999.95 739| ° | 2 
59 9.62 568| 27 |9.66 834| 3% | 0.33 166]9.95 733; ¢ | 1 
6019.62.505| | 19.66 867| ~ | 0.33 133] 9.95 728 | 0 
x — S| : : 
log cos | d. | log cot jc. d. log tan | log sin d. Prop. Pts. 
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LOGARITHMS OF THE TRIGONOMETRIC FuNCTIONS 


26° "116" 206° *296° 
' | log sin | d. | log tan |c. d.| log cot | log cos | d. Prop. Pts. 
0}9.64 184+] ,, [9.68 818) ., | 0.31 182]}9.95 366] _ [60 
1} 9.64 210) 3¢ [9.68 850| *) | 0.31 150]9.95 360] ¢ 59 
249.64 236| 3¢ [9.68 882| 3) | 0.31 118]9.95 354| 5 158 
3]9.64 262! 26 19.68 914| 5, | 0.31 086]9.95 348] , 157 
419.64 288| 25 [9.68 946| 32 | 0.31 054]9.95 341} 6 [56 
599.64 313) ., 79.68 978] ., | 0.31 02279.95 335| , [55 
619.64 339| 2. [9.69 O10| <) | 0.30 990].9.95 329) ¢ 954 
719.64 365| 24 [9.69 042] $2 | 0.30 958}9.95 323| § 53 
8] 9.6+ 391| 46 |9.69 074| 5, | 0.30 926]9.95 317| , [52 
9] 9-64 417| 2. |9.69 106| 3, | 0.30 894]9.95 310| 6 ]51 aatcs 
9.64 a6 19-62 138| ,, | 0.30 862]9.95 304} 5 [50 il 
9.64 36 19:69 170| $2 | 0.30 83099.95 298] 5 49 6| 3.2| 3.1 
9.64 ag [9-69 202| 3, | 0.30 798]9.95 292| 5 [48 be 
9.64 | 26 | 9-69 234| 3, | 0.30 76699.95 286] , 47 aa ae 
9.64 5 26 19-69 266| 3, | 0.30 73499.95 279} 6 | 46 10] 5.3| 5.2 
9.64 ag 1-2 298 | 5x | 0:30 7029.95 273| 5 [45 go|r6.0lr5.8 
9.64 9.69 329| ~ | 0.30 6719 9.95 267 44 40|21.3|20.7 
9.64 6 . 9.69 361| $) | 0.30 639]9.95 261 : 43 sol26.7l25 
9.64 6r5| 2° [9.69 428| 32 [030 srs foos 24s| o [41 
9.64 5 19-09 57! } 9:30 543] 9.95 242| , [40 
9.64 2° 19.69 488] 3° | 0.30 512]9.95 236) | 439 
9.64 25 19.69 520] $2 | 0.30 48099.95 229) § 438 
9.64 ag | 2:62 $52 | 32 | 0-30 4489.95 223) 6 | 37 
9.64 xg 19-69 584| 5, | 0.30 416]9.95 217| 6 | 36 
9.64 9.69 615| _ [0.30 385] 9.95 211 35 
9.64 se | 9-69 647 3? | 0.30 353]9.95 204] % | 34 br ae an (ak 
9.64 2° 19.69 679| $* | 0.30 321]9.95 198] § 933 
9.64 32 49.69 710| 3, | 0.30 2909.95 192) , J32 6 2.6| 2.5) 24 
9.64 26 [9-69 742| 3, | 0.30 25899.95 185] 6 [31f 3 $0) 291 38 
9.64 19.69 774 0.30 226]9.95 179] , [30f 9) 3.0) 3.8) 3.6 
9.64 25 19.69 805| * | 0.30 195} 9.95 173 29 10] 4.3] 4.2) 4.0 
9.65 *5 19.69 837| 3% | 0.30 163] 9.95 167 < ce er ge ie 
9.65 . 9.69 868 32 0.30 132 49.95 160 6 27 40)|17.3|16.7|16.0 
9.65 3, 19-69 900) 3, oo = ae = 6 as 50|21.7|20.8|20.0 
; 0. : 
9.68 2s 16.69 963 3% | 0:30 037 | 9.95 141 7 | 24 
9.65 2 19.69 995 | 3 | 0.30 005]9.95 135| 5 | 23 
9.65 *5 19.70 026| 3) | 0.29 974]9.95 129| | | 22 
9.65 #5 [9.70 058] 31 | 0.29 9429.95 122| 6 | 21 
9.65 9.70 089 0.29 911] 9.95 116| , 20 
9.65 25 19.70 121; * | 0.29 879}9.95 110 19 
9.65 75 19.70 152| 3% | 0.29 848}9.95 103| % 18 
9.65 6 19.70 184 | 3? | 0.29 816]9.95 097| > J17 ete 
9.65 *5 [9.70 215| 3, |.0.29 783]9.95 090| ¢ | 16 
9.65 9.70 247 0.29 7539.95 084| . [15 6o.z10.6 
9.65 25 19.70 278| 3* | 0.29 722]9.95 078 14 Beccles 
9.65 5 19.70 309| 3% | 0.29 691]9.95 071| § |13 9|1.0]0.9 
9.65 23 19.70 341| 5? | 0.29 659] 9.95 065} ¢ 912 r0|1.2|1.0 
9.65 35 [9.70 372| 32 |0.29 628 19.95 059} , } 11 Ping 
5 9.70 404 0.29 5969 9.95 052 10 40| 4-7|4.0 
9.68 25 19.70 435 | 3* | 0.29 565]9.95 046| © | 9 £015.815.0 
9.65 25 19.70 466| 3% | 0.29 53499.95 039] 7 | 8 
9.65 531| 75 49.70 498| 3? | 0.29 50299.95 033] ¢ | 7 
9.65 25 19.70 529| 31 | 0.29 471]9.95 027) , | 6 
9.65 * 19.70 560 0.29 4409.95 020] , | 5 
9.65 25 19.70 592| 3? | 0.29 408]9.95 014 4 
9.65 25 19.70 623| 3% | 0.29 377]9.95 007| Z | 3 
9.65 655| 25 19.70 654| 3 | 0.29 34699.95 O01} « | 2 
9.65 680| 25 [9.70 685| 3, | 0.29 315] 9.94 995) , | 1 
9.65 705 9.70 717 0.29 283 [9.94 988 0 
log cos | d. | log cot jc. d.) log tan log sin | d. | ’ Prop. Pts. 
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6 | 0.03 186] 9.86 483| 3, | 6 
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TABLE III 


NATURAL TRIGONOMETRIC FUNCTIONS 


FOUR PLACES 


NATURAL SINES AND COSINES 


y ies 
sin 0s sin 08 i sin cos 


WDIAM ARWHEO 


.0175 .9998 
cos sin cos sin cos sin 
89° 88° 87° 


Naturat TANGENTS AND 


CoTANGENTS 


TT 


tan cot 

0 | .0000 Infinite | .0175 57.2900 | .0349 28.6363 | .0524 19.0811 | .0699 14.3007 
18 03 3437.75| 77.56.3506] $2  3994| 27 18.9755| 0702 2411 
21 06 1718.87| 8055.4415| 55 1664| 30 8711| 05 1821 
31 091145.92| 83 54.5613| 58 27.9372| 33 7678| 08 1235 
49 12 859.436| 86 53.7086| 61 7117| 36 6656| 11 0655 
51.0015 687.549 | .0189 52.8821 | .0364 27.4899 | .0539 18.5645 | .0714 14.0079 
61 17.572.957| 92 0807| 67 2715| 42 4645| 17 13.9507 
1 71 20 491.106] 95.51.3032} 70 0566| 44 3655| 20  89%40 
S81 23 429.718| 98 50.5485| 73 26.8450| 47 2677| 23 8378 
91 26 381.971 | 0201 49.8157; 75 6367| 50 1708| 26 7821 
10 | .0029 343.774 | .0204 49.1039 | .0378 26.4316 | .0553 18.0750 | .0729 13.7267 
11] 32 312.521| 07 48.4121; Sl 2296] 5617.9802| 31 6719 
121 35 286.478| 09 47.7395; 8+ 0307] 59 8863| 34 6174 
131 38 264.441| 12 0853| 87 25.8348] 62  7934| 37 5634 
14] 41 245.552| 15 46.4489; 90 6418} 65 7015| 40 5098 
15 | .0044 229.182 | .0218 45.8294 | .0393 25.4517 | .0568 17.6106 | .0743 13.4566 
16) 47 214.858| 21 2261) 96 2644] 71 5205| 46 4039 
17} 49 202.219; 24 44.6386, 99 0798| 74 4314] 49 3515 
18} 52 190.984| 27 0661 0402 24.9978| 77 3432] 52 2996 
191 55 180.932| 3043.5081| 05 7185} 80 2558} 55 2480 
20 | .0058 171.885 | .0233 42.9641 | .0407 24.5418 | .0582 17.1693 | .0758 13.1969 
211. 61 163.700; 36 4335) 10 3675| 85 0837| 61 41461 
921 64 156.259| 39.41.9158, 13 1957| 88 16.9990| 64 0958 
931 67 149.465| 41 4106| 16 0263} 91 9150] 67 0458 
241 70 143.237| 44 40.9174, 19 23.8593| 94 8319] 69 12.9962 
0073 137.507 | 0247 40.4358 | .0422 23.6945 | .0597 16.7496 | .0772 12.9469 

= sar 132.219| 50 39.9655; 25 5321 6681/75 8981 
o71 79 127.321| 53  5059| 28 3718| 03 5874} 78 8496 
981 81 122.774; 56 0568|, 31 2137| 06 5075| 81 8014 
991 34 118540| 59.38.6177; 34 0577| 09 4283| 84 7536 
114.589 | 0262 38.1885 | .0437 22.9038 | .0612 16.3499 | .0787 12.7062 

3 oe 110.892| 65 37.7686; 40 7519 15 2722| 90 6591 
321 93 107.426} 68 3579; 42 6020| 17 1952) 93 6124 
331 96 104.171! 71 36.9560; 45 4541; 20 1190} 96 5660 
341 99 101.107; 74 5627| 48 3081} 23 0435; 99 5199 
3 2179 | 0276 36.1776 | 0451 22.1640 | .0626 15.9687 | .0802 12.4742 

xc ar 35.4095 79 35.8006; 54 0217| 29 8945) 05 4288 
371 08 92.9085| 82 4313| 57 21.8813] 32 8211} 08 3838 
381 11 .90.4633| 85 0695| 60 7426| 35 7483} 10 3390 
301 13 $8.1436| 88 34.7151| 63 6056] 38  6762| 13 2946 
5.9398 | .0291 34.3678 | .0466 21.4704 | .0641 15.6048 | .0816 12.250 

ot Pag ass | o4 0273| | 69 «= 3369|44.~=S«5340| 192067 
421 22 81.8470| 97 33.6935| 72 2049} 47 4638] 22 1632 
431 25 79.9434| 0300 3662| 75 0747| 50 3943| 25 1201 
441 28 78.1263; 03 0452| 77 20.9460; 53 3254| 28 0772 
76.3900 | .0306 32.7303 | .0480 20.8188 | .0655 15.2571 | .0831 12.0346 

yr eect ieciaed : 08 4213] 83 6932| 58 1893| 34 11.9923 
471 37 73.1300; 11 1181| 86 5691} 61 1222) 37 9504 
481 40 71.6151, 14 31.8205] 89  4465| 6+ 0557; 40 087 
491 43 70.1533| 17 528+} 92 3253| 67 14.9898] 43 — 
7501 | .0320 31.2416 | .0495 20.2056 | .0670 14.9244 | .0846 11.826 

60 | 01s 674019 | 23 30.9599| 98 0872| 73 8596| 49 7853 
521 51 66.1055| 26 6833] 0501 19.9702} 76 7954] S51 7448 
531 54 64.8580; 29 4116| O# 8546) 79 7317| St 7045 
44 57 63.6567; 32 1446| 07 7403| 82 6685| 57 6645 
551.0160 62.4992 | .0335 29.8823 | .0509 19.6273 | .0685 14.6059 | .0860 11.6248 
S61 63 61.3829; 38 6245} 12 5156} 88 5438) 63 585. 
71 66 60.3058; 40 3711] 15 4051} 90 4823| 66 5461 
31 69 59.2659| 43  1220| 18 2959] 93 4212) 69 5072 
sof 72 58.2612| 46 28.8771| 21 1879| 96  3607| 72 4685 
60 1.0175 57.2900 | .0349 28.6363 | .0524 19.0811 | .0699 14.3007 | .0875 11.4301 
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cot tan 


41° 


tan cot 


-8693 1.1504 


42° 
tan cot 
.9004 1.1106 


1.1369 |. 


1363 | 
1356 | 
1349 | 
1343 | 
1.1336 | 


.9325 1.0724 
eot tan 


NaturRaAt TANGENTS AND COTANGENTS 


43° 


tan cot 


9325 1.0724 


0717 
0711 
0705 
0699 
1.0692 


0668 
1.0661 


tan 


cot 


44° 


tan cot 


-9657 1.0355 


0349 
0343 
0337 
0331 


1.0325 
0319 
0313 
0307 
0301 


1.0295 
0289 
0283 
0277 
0271 

1.0265 
0259 
0253 
0247 
0241 


1.0235 
0230 
0224 
0218 
0212 


1.0206 
0200 
0194 
0188 
0182 


1.0176 
0170 
0164 
0158 
0152 


1.0147 
0141 
0135 
0129 
0123 


1.0117 
0111 
0105 
0099 
0094 


1.0088 


OK nwta A100 


49° 


47° 


46° 


MISCELLANEOUS TABLES 


1. Rapran Measure, 0° to 180°. 


2. NaturaL LoGARITHMS: 
(A) Numbers from 1 to 200. 
(B) Numbers from 1 to 9.9. 


8. Tue Hyrersoxic Functions, Sinn z, Cosn 2. 


o 
° 
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TABLE IV. 


0.00000 00 


1. Rapran Measure, 0° To 180°, Rapius=1 


DEGREES 
1.04719 76 


2.09439 51 


4 


MINUTES 


SECONDS 


0.00000 00 | 


0.01745 33 
0.03490 66 
0.05235 99 


0.06981 32 
0.08726 65 
0.10471 98 
0.12217 30 
0.13962 63 
0.15707 96 


1.06465 08 
1.08210 41 
1.09955 74 
1.11701 07 
1.13446 40 
PSO 7s 
1.16937 06 
1.18682 39 
1.20427 72 


2.11184 84 
2.12930 17 
2.14675 50 
2.16420 83 
2.18166 16 
2.19911 49 
2.21656 82 
2.23402 14 
2.20141 47 


ODN ANA WNHH 


0.00145 44 
0.00174 53 
0.00203 62 
0.00232 71 
0.00261 80 


0.0C000 48 
0.00000 97 
0.00001 45 
0.00001 94 
0.00002 42 
0.00002 91 


0.17453 29 


1.22173 05 


2.26892 80 


0.00290 89 


0.19198 62 
0.20943 95 
0.22689 28 
0.24434 61 
0.26179 94 
0.27925 27 
0.29670 60 
0.31415 93 
0.33161 26 


1.23918 38 
1.25663 71 
1.27409 04 
1.29154 36 
1.30899 69 
1.32645 02 
1.34390 35 
1.36135 68 
1.37881 01 


2.28638 13 
2.30383 46 
2.32128 79 
2.33874 12 
2.35619 45 
2.37364 78 
2.39110 11 
2.40855 44 
2.42600 77 


0.00319 98 
0.00349 07 
0.00378 15 


0.00407 24 
| 0.00436 33 
0.00465 42 
0.00494 51 
0.00523 60 
0.00552 69 


0.34906 59 


1.39626 34 


2.44346 10 


0.00581 78 


0.36651 91 
0.38397 24 
0.40142 57 


0.41887 90 
0.43633 23 
0.45378 56 
0.47123 89 
0.48869 22 
0.50614 55 


1.41371 67 
1.43117 00 
1.44862 33 
1.46607 66 
1.48352 99 
1.50098 32 
1.51843 64 
1.53588 97 
1.55334 30 


2.46091 42 
2.47836 75 
2.49582 08 
2.51327 41 
2.53072 74 
2.54818 07 
2.56563 40 
2.58308 73 
2.60054 06 


0.00610 87 
0.00639 95 
0.00669 04 
| 0.00698 13 
| 0.00727 22 
0.00756 31 


0.00011 15 


0.00011 64 
0.00012 12 
0.00012 61 
0.00013 09 
0.00013 57 
0.00014 06 


0.52359 88 


1.57079 63 


2.61799 39 


0.00014 54 


0.54105 21 
0.55850 54 
0.57595 87 
0.59341 19 
0.61086 52 
0.62831 85 
0.64577 18 
0.66322 51 


0.68067 84° 


1.58824 96 
1.60570 29 
1.62315 62 


1.64060 95 
1.65806 28 
1.67551 61 
1.69296 94 
1.71042 27 
1.72787 60 


2.63544 72 
2.65290 OS 
2.67035 38 
2.68780 70 
2.70526 03 
2.72271 36 
2.74016 69 
2.75762 02 
2.77507 35 


0.01018 11 
0.01047 20 
0.01076 29 
0.01105 38 
| 0.01134 46 


0.00015 03 
0.00015 51 
0.00016 00 


0.00018 91 


0.69813 17 


1.74532 93 


2.79252 68 


0.01163 55 


0.00019 39 


0.71558 50 
0.73303 83 
0.75049 16 


0.76794 49 
0.78539 82 
0.80285 15 
0.82030 47 
0.83775 80 
0.85521 13 


1.76278 25 
1.78023 58 
1.79768 91 
1.81514 24 
1.83259 57 
1.85004 90 
1.86750 23 
1.88495 56 
1.90240 89 


0.87266 46 


1.91986 22 


0.89011 79 
0.90757 12 
0.92502 45 


0.94247 78 
0.95993 11 
0.97738 44 
0.99483 77 
1.01229 10 
1.02974 43 


1.93731 55 
1.95476 88 
1.97222 21 
1.98967 53 
2.00712 86 
2.02458 19 
2.04203 52 
2.05948 85 
2.07694 18 


1.04719 76 


2.09439 51 
DEGREES 


2.80998 01 
2.82743 34 
2.84488 67 


2.86234 00 
2.87979 33 
2.89724 66 
2.91469 99 
2.93215 31 
2.94960 64 


0.01192 64 
0.01221 73 
0.01250 82 
0.01279 91 
0.01309 00 
0.01338 09 
0.01367 17 
0.01396 26 
0.01425 35 


0.00019 88 
0.00020 36 
0.00020 85 


0.00021 33 
0.00021 82 
0.00022 30 
0.00022 79 
0.00023 27 
0.00023 76 


2.96705 97 


0.01454 44 


0.00024 24 


2.98451 30 
3.00196 63 
3.01941 96 
3.03687 29 
3.05432 62 
3.07177 95 
3.08923 28 
3.10668 61 
3.12413 94 


0.01483 53 
0.01512 62 
0.01541 71 


0.01570 80 
0.01599 89 
0.01628 97 
0.01658 06 
0.01687 15 
0.01716 24 


0.00024 73 
0.00025 21 
0.00025 70 


0.00026 18 
0.00026 66 
0.00027 15 
0.00027 63 
0.00028 12 
0.00028 60 


3.14159 27 


MINUTES 


0.01745 33 f 


0.00029 09 
SECONDS 
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TABLE IV 2. Natura LocarirHmMs 


A. THE NATURAL LOGARITHMS 
OF 


INTEGERS FROM i TO 200 


Base e = 2.7182818284.-. Conversion Laws: 


logy e = 0.4842944819... log, V = log, 10 x logy N. 
log, 10 = 2.3025850929... log,, WV = log,,e x log, W. 
log, = 1.1447298858--- Se Saat au 


N 
0 
1 
2 
3 
4 
5 
6 
7 
8 
o 

10 


TABLE IV. 2. NarurAut LoGARITHMS 


B. NATURAL LOGARITHMS 1 TO 9.9 


The following table shows the Natural or Napierian log- 
arithms, for each tenth, of numbers 1 to 9.9. Interpola- 
tion may be made for hundredths. The logarithms of 
numbers larger than 9.9 may be found as shown in the 
following illustration: Let us find the log, 450: 


log, 450 = log, (4.5 x 10°) = log, 4.5 + 2 log, 10 
= 1.5041 + 2 (2.38026) = 6.1098. 


TABLE Iv 


3. Hypersouic Sinn x = 2 o 


1.0000 
1.0000 
1.0002 
1.0004 
1.0008 


1.0013 
1.0018 
1.0025 
1.0032 
1.0041 


1.0050 
1.0061 
1.0072 
1.0085 
1.0098 


1.0113 
1.0128 
1.0145 
1.0162 
1.0181 


1.0201 
1.0221 
1.0243 
1.0266 
1.0289 


1.0314 
1.0340 
1.0367 
1.0395 
1.0423 


1.0453 
1.0484 
1.0516 
1.0549 
1.0584 


1.0619 
1.0655 
1.0692 
1.0731 
1.0770 


1.0811 
1.0852 
1.0895 
1.0939 
1.0984 


1.1030 
1.1077 
1.1125 
4 i 
1.1225 


1.1276 
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First Course in 
Differential and Integral Calculus 


By WILLIAM F. OSGOOD, Pux.D. 


Professor of Mathematics in Harvard University 
Revised Edition. Cloth, xv+ 462 pages, $2.00 net 


The treatment of this calculus by Professor Osgood is based on 
the courses he has given in Harvard College for a number of 
years. The chief characteristics of the treatment are the close 
touch between the calculus and those problems of physics, including 
geometry, to which it owed its origin; and the simplicity and 
directness with which the principles of the calculus are set forth. 
It is important that the formal side of the calculus should be 
thoroughly taught in a first course, and great stress has been laid 
on this side. But nowhere do the ideas that underlie the calculus 
come out more clearly than in its applications to curve tracing 
and the study of curves and surfaces, in definite integrals, with 
their varied applications to physics and geometry, and in 
mechanics. For this reason these subjects have been taken up 
at an early stage and illustrated by many examples not usually 
found in American text-books. From the beginning the book 
has been a favorite with the academic classes, and it has now 
been adopted by some of the best-known and best-thought-of 
engineering schools in the country. 


THE MACMILLAN COMPANY 
64-66 Fifth Avenue, New York 


Applied Mechanics for Engineers 
A Text-book for Engineering Students 


BY 


F. L. HANCOCK 


Professor of Applied Mechanics, Worcester Polytechnic Institute 


Illustrated, cloth, 12mo, xii + 388 pages, $2.00~net 


A new edition with typographical corrections 


In the preparation of this book the author has had in mind the 
fact that the student finds much difficulty in seeing the applications 
of theory to practical problems. For this reason each new prin- 
ciple developed is followed by a number of applications. In 
many cases these are illustrated, and they all deal with matters 
that directly concern the engineer. It is believed that the 
problems in mechanics should be practical engineering work. 
The author has endeavored to follow out this idea in writing the 
present volume. Accordingly, the title “ Applied Mechanics for 
Engineers ” has been given to the book. The book is intended 
as a text-book for engineering students of the Junior year. The 
subject-matter is such as is usually covered by the work of one 
semester. In some chapters more material is presented than can 
be used in this time. With this idea in mind the articles in these 
chapters have been arranged so that those coming last may be 
omitted without affecting the continuity of the work. The book 
contains more problems-than can usually be given in any one 
semester. An appendix giving tables for the use of the student is 
of importance. These tables include the following: Hyperbolic 
Functions, Trigonometric Functions, Logarithms of Numbers, 
Squares, Cubes, etc., and Conversion Tables. 


THE MACMILLAN COMPANY 
64-66 Fifth Avenue, New York 


Co-ordinate Geometry 


BY 
HENRY BURCHARD FINE 


AND 


HENRY DALLAS THOMPSON 
Cloth, 12mo, x + 316 pages, $1.60 net 


“It surprised me to see that the authors could put the treat- 
ment of the plane into less than two hundred pages, and my 
surprise increased to find that no important topic had been 
omitted.” — Vircit SNypER, Ithaca, New York. 


“ After teaching this book one year I want to say that it is the 
most teachable book of its kind that I have seen in some time. 
We expect to use it again next year.”— A. M. Harpine, Fay- 
etteville, Arkansas. 


“T am just finishing a half year with a class of twenty-one in 
Fine and Thompson’s Co-ordinate Geometry, having found the 
book one of the freshest and most teachable I ever put into a 
student’s hands. 

“Their methods of treatment are a distinct departure from 
those found in the usual texts, being more direct, more concrete, 
and more lucid. The examples, solved and unsolved, are beau- 
tiful and thoroughly representative. In fact, it is every way 
an uncommonly good beginner’s book.”—Ira M. DeLona, 
Boulder, Colorado. 


THE MACMILLAN COMPANY 
64-66 Fifth Avenue, New York 


The Elements of the 
Differential and Integral Calculus 


By DONALD FRANCIS CAMPBELL 


Professor of Mathematics, Armour Institute of Technology 


Cloth, 12mo, 362 pages, $1.90 net 


A special feature of the work is its adaptation to the practical 
needs of students in technical schools. In the study of the integral 
calculus in particular it varies from the methods of text-books in 
former use. A full explanation is given of each step in the forma- 
tion of each summation and integral. In addition, in order to 
enable the student to grasp more fully the details of the subject, 
the author has introduced a large number of practical questions 
which are drawn from actual experience. 


Advanced Algebra 


Half leather, 562 pages, $1.25 net 


Graphic Algebra 
Cloth, 93 pages, $0.80 net 
By ARTHUR SCHULTZE, Ph.D. 


Assistant Professor of Mathematics, New York University; Lecturer on 
Methods of Teaching Secondary School Mathematics 


Both books are exceptionally practical introductions to technical 
applications of the subject. 


PUBLISHED BY 


THE MACMILLAN COMPANY 
64-66 Fifth Avenue, New York 
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